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PREFACE 


These examples in Theory of Machines problems have been 
collected and classified for the guidance of students pre- 
paring for examinations for Higher National Certificates, 
Associate-Membership of the Institutions of Mechanical and 
Civil Engineers, and drg'ees in engineering. 

Many examples have been selected from past examination 
papers of the Institutions of Mechanical and Civil En- 
gineers, London University, the Mechanical Science Tripos, 
Cambridge, and the examinations for Whitworth and Senior 
Whitworth Scholarships. Acknowledgments are made to 
the authorities of these Institutions, London University, 
Cambridge University and to the Controller of 1LM. 
Stationery Office, for permission to reproduce the questions. 
Thanks are also due to Messrs. Wm. Clowes & Sons, Ltd., 
for authority to reprint the questions from past examination 
papers of the Institution of Civil Engineers. 

A large number of worked examples have been included 
with a view to assisting those students who are engaged in 
private study, and finally it is hoped that errors, which are 
difficult to eliminate, will be few. 

W. R. C. 

College of Technology 
Leicester, 1935 
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SYMBOLS AND ABBREVIATIONS 
USED IN THE TEXT 

Symbols 


V 

distance. 

t 

1 ime. 

u, v, \ 

velocity. 

/ • 

acceleration. 

!/ 

acceleration due to gravity. 

a, /?, y, d, </> 

angle. 

<o 

angular velocity. 

r'l) 

angular acceleration. 

M, ///. 

mass. 

W. /r 

weight. 

K 

force. 

H . . . 

coefficient of friction. 

x. y . 

. distance to centre of gravity. 

1 . 

moment of inertia. 

k . . . 

radius of gyration. 

P ■ 

mass of unit volume. 

E . 

summation sign. 

V ■ 

. efficiency. 

N . 

revolutions per minute. 


revolutions per second. 

/ . 

. length. 

R, r 

. radius. 

C . 

modulus of rigidity. 

E . 

Young’s modulus. 

T . 

tension. 
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SYMBOLS AND ABBREVIATIONS 


Abbreviations 


in. . 

ft 

yd 

ml. . 

sec. . . . . 

min. 

ft. /sec. 

m.p.h. 

ft. /sec 2 

r.p.m. 

radii. 

h.p. 

c.g. 

k. e. 
p.e. 

lb 

L.U. 

L.U.A. . 

W.S. 

W.S.S. . 

l. MM. . 
l.G.E. . 

Mech. Sc. Tripos Gam. 


inches. 

feet. 

yards. 

miles. 

seconds. 

minutes. 

feet per second. 

miles per hour. 

feet per second per second. 

revolutions per minute. 

radians. 

horse-power. 

centre of gravity. 

kinetic energy. 

potential energy. 

pounds. 

London University. 

London University Advanced. 
Whitworth Scholarship. 

Whitworth Senior Scholar- 
ship. 

Institution of Mechanical En- 
gineers. 

Institution of Civil Engineers. 

Mechanical Science Tripos 
Cambridge. 



EXAMPLES IN 
THEORY OF MACHINES 
PROBLEMS 

1. MOTION-VECTORS — FORCE — MOMENTUM 

1. A motor car starts from rest on a straight horizontal 
road with a constant acceleration in bottom gear and 
reaches 15 m.p.h. in 30 sec. The driver then changes gear 
and reaches 45 m.p.h. in a further 45 sec. Find the total 
distance covered and the constant accelerations in bottom 
and second gears respectively. 

Solution. For motion in a straight line with constant 
acceleration we have the relations, 

v = u + ft (a) 

8 = Ut + i/< 2 (b) 

where v and u are the final and initial velocities respectively, 
s the distance covered in time t, and / the acceleration. 

(i) Bottom gear. 

88 

v 0 = final velocity = — X 15 = 22 ft./sec. 

« 0 = initial velocity = 0 since car starts from rest. 

< 0 = time to attain v 0 — 30 sec. 

Hence substituting in (a) and (6) we have, 

22 11 

22 = 0 + 30/ 0 .'. / 0 - — = — ft./sec. 2 

« 0 = 0 + X 900^ = 330 ft. 

1 
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(ii) Second gear. 

88 

v x = final velocity — — x 45 = 66 ft./sec. 

u x — initial velocity = 22 ft./sec. 
t x = time to attain v x — 45 sec. 

Again substituting in (a) and ( b ) we have, 

66 - 22 + 45/j /, = ^ft./sec. 2 


1/44 

(22 x 45) -f -l — x 45 x 45 


1 980 ft. 


The total distance covered — s 0 j- — (330 -f- 1 980) = 
2 310 ft. 


The accelerations required are / 0 


44 

45 


ft./sec. 2 


11 

15 


ft./sec. 2 


and J\ = 


2. Two railway stations are 3 miles apart ; a train starts 
from one with a constant acceleration of 0-5 ft./sec. 2 which 
is maintained for 1 mile, after which the train proceeds 
at constant speed for 0-75 mile. The brakes are then 
applied and the train slows down with constant retardation 
to come to rest at the second station. 

Find the total time for the journey, the maximum speed, 
and the retardation during the last part of the journey. 


Ans. 5-732 min. 
49’56 m.p.h. 
04 ft./sec. 2 


3. The distance moved by a motor car in time t seconds 
from rest on the horizontal is given by the series of values of 
s and t below. 

Plot speed-time, and acceleration-time curves for the 
motion, and find the velocity and acceleration at 0-75 sec. 
from rest. 

Solution. An approximate solution of this problem may 
be obtained by taking first and second differences of the 
displacement s. Arrange in tabular form as below. 
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Time 
t see. 

Distance 
.v ft. ; 

0 

0 

01 

0-40 

0*2 

0-95 

0-3 

1-70 

0-4 

2-40 

0*5 

2*00 

0-6 

3-35 

0-7 

3-60 

0-8 

3-82 

0-9 

3-94 

10 

405 


dt 


f)S 


Ss 

" si 


!/ = 


dv 

8i 


0*10 

0-40 

4*0 

0*10 

0*55 

5-5 

010 

0*75 

7*5 

010 

0-70 

70 

0*10 

0-50 

5*0 

0 10 

0-45 

4*5 

010 

0-25 

2*5 

010 

0-22 

2*2 

0- 1 0 

0 12 

1-2 

0*10 

0-11 

M 


1*5 

15 

2*0 

20 

- 0*5 

- 5 

£*o 

20 

0*5 

- 5 

-2-0 

- 20 

- 0-3 

- 3 

- 1-0 

- 10 

0*1 

1 




The differences of t are given by dt — (t 2 — t x ), (f 3 — t,), 
etc. The corresponding first differences of s are {s 2 — s x ), 
(s 3 — s 2 ), etc. The speeds, v — ds/dt, are the mean speeds 
during the interval dt and must be plotted on the middle 
ordinate of this time interval. 

The second differences dv are given by (v 2 — v x ), (v z — v 2 ), 
and so on. These denote the increase in speed from the 
middle of one time interval to the middle of the next. The 
mean acceleration during this period is dv/dt and the first 
value of this must be set up on the second time ordinate 
and so on. 

The curves should be plotted and the velocity and 
acceleration, at time 075 sec. from rest, read off. 

4. The distance moved by a particle in time t see. from 
rest along a straight line is given by 

s = a sin pt. 
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Find expressions for the velocity and acceleration at time t 
and show that the acceleration is always directed towards a 
fixed point and proportional to the distance to the particle 
from this point. 

5. A train is moving along a straight horizontal track at 
60 m.p.li. The brakes are applied and the retardation after 
time t is given by / — 6 1. Find the time required to stop 
the train and the distance travelled in this time. 

Hint : Note that retardation = -(dhjdt 2 ) — &. 

Ans. t = 5-42 sec. 
s - 317-8 ft. 

6. A train shuts off steam and is uniformly retarded. In 

40 sec. it covers 0-5 mile, and in another 30 sec. it comes to 
rest. Draw the velocity-time graph, and determine, (i) the 
velocity in ml. /min. units of the train when steam was shut 
off, (ii) the retardation in ml./min. 2 units and in ft. /sec. 2 
units, and (iii) the total distance covered by the train after 
the steam was shut off. (W. 8.) 

Ans. (i) 1-05 ml./min. 

(ii) 0-015 ml./min. 2 and 1 -32 ft. /sec. 2 

(iii) 3 234 ft. 

7. The distance between successive floors of a building is 

12 ft. A lift starts upwards from the ground flpor with a 
uniform acceleration of 16 ft./sec. 2 , and is then subjected 
to a retardation of equal amount which brings it to rest at 
the first floor. Draw a speed-time graph for the motion, and 
find the average speed of the lift. (JF.$.) 

Solution. Obviously the accelerating period is equal to 
the retarding period, i.e. the acceleration continues for a 
distance of 6 ft. after which the lift is retarded for the 
remaining 6 ft. 

Making use of the relation 

8 — \ft 2 for motion under constant acceleration from rest 
we have 6 — \ x 16 x t z . 

t 2 — 6/8 and t = (-\/3)/2 sec. 

The total time between the two floors is therefore 
2t = V3 = 1-732 sec. 



MOTION 


From t 

by 


0 to t — 0-866 sec. the velocity of the lift is given 
v — ft — 16/. ft. /sec. 


From t — 0-866 to t — 1-732 sec. the velocity is given by 
v - 13-856 - 16(* - 0-866) 

= 27-712 - 16/ ft. /sec. 

The velocity-time graph may now be drawn. It will be 
seen that this consists of two straight lines. The average 
speed is thus half the maximum 

- 13-856/2 6-928 ft. /sec. 

8. An aeroplane is approaching a railway line at right 
angles and 500 ft. above the ground. The engine of a train 
will be directly under the plane as it passes over the line. 
If the speed of the plane is 120 m.p.h., at what instant must 
the pilot release a bomb designed to strike the engine'/ At 
what distance is he 

then from the engine 176 f t / sec 

if the speed of the ^5===-’ "1 7 

latter is 30 m.p.h.? 

Solution. This is n / 

a case (Fig. 1) of 

motion under gravity / 500 

with an initial hori- / 

zontal velocity. Con- / 

sidering the horizontal / 

motion, it is obvious / 

that the horizontal - — 1 — - 

'Y' - - ^ 

velocity will remain ~ 

constant throughout Fig - 1 

the motion. 

The vertical motion is controlled by gravity, i.e. the 
acceleration is constant and = g, hence to get the time of 
descent we have, 

s = ut + | gt 2 
or 500 = 0 + \ X 32-2 X t 2 
since initial vertical velocity = 0. 

t = V(1 000/32-2) - 5-57 sec. 
before crossing line. 
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The horizontal distance from the line at this instant is 
given by 

x == 176 x 5-57 ^ 980-6 ft. 

The engine is a distance 

y --- 44 x 5-57 = 245-15 ft. 

from the point of impact. 

H (mce the distance froiu the plane to the engine is 

d ~ y\x 2 >f |- (5oo) 2 ] 

-- y/[(980-6) 2 + (245- 15) 2 + (500) 2 j 
d=- 1128 ft, 

9. A flywheel rotating at 1 000 r.p.m. is brought to rest 
in 20 sec. by a uniform, angular retardation. Find the 
total number of revolutions made during this time and the 
value of the retardation. 

Ans. 166-6 rev. 

5-23 radn./sec. 2 

10. An aeroplane flies in a straight line from East to 
West a distance of 100 ml. in 1 hr. If there is a following 
wind blowing from the North-East at 30 m.p.h., in what 
direction must the pilot steer, and at what speed ? • 

Solution. This is a case of vector addition, thus 


Velocity of plane relative to earth 


Velocity of plane relative to air -f 


l Velocity of air relative to earth 

or V e = V* + V. 

V e = 100 m.p.h. from East to West, 

V„ = 30 m.p.h. from North-East. 

A semi-graphical method (Fig. 2) is easiest to follow. 
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Resolving horizontally, 

30 cos 45° + V, cos 0 = 100 
30/ V2 + V, cos 0 = 100 

V, cos e = 78-79 (a) 

Resolving vertically, 

30 sin 45° = V p sin 6 
V P sin 0 = 21-21 (6) 

N 



Dividing (6) by (a), 

tan 0 


21-21 

78-79 


0-2692 


d = 15 1° 


Hence 



78-79 
cos 15-1° 


78-79 

0-9655 


82-52 m.p.h. 


The pilot must steer 15 1° North of West at 82-52 m.p.h. 

11. An automatic machine is tapping \ in. nuts. The tap 
and the nut rotate in the same direction, and the nut runs 
at a constant speed of 100 r.p.m. The tap cuts 10 threads 
in 10 sec., its speed is then raised and it is withdrawn in 
4 sec. Find the speeds of the tap. 

Solution. This is a case of relative angular motion. 
Let the nut rotate anti-clockwise. 

(i) Nj = speed of tap when cutting, also anti-clockwise. 
Then speed of nut relative to tap = (100 — N x ) r.p.m. anti- 
clockwise. 

2— (T.6o) 
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The nut advances 10 threads in 10 sec. = 1 rev./sec., 
hence 

(100- Nj) = (10/10) x 60 
100 - N x = 60 

= 40 r.p.m. 

(ii) N 2 = speed of tap when withdrawing, anti-clockwise. 
Then speed of tap relative to nut — (N 2 — 100), the ten- 
dency being to unscrew. 

The tap unscrews 10 threads in 4 sec., hence 

(N 2 - 100) = (10/4 x 60) 

N 2 - 100 = 150 

N„ = 250 r.p.m. 

12. A plane hying over a straight horizontal course of 
length L was timed with and against a steady wind blowing 
along the course. The times taken were t x and t 2 respec- 
tively. Show that the speed Y p of the plane relative to the 
air is given by 

Vj, = b(^J 

and that the total time for the double journey in still air 
was less than {t x + t 2 ). 

{Hint: Show that (<, — t 2 ) > 0 for the last part of prob- 
lem.) 

13. A small drop of rain striking the window of a railway 

carriage marks out a short straight line on the glass. It is 
noticed that lines formed when the train is at rest are at 
right angles to those formed when the train is at full speed, 
pairs of lines forming crosses with arms at 45° to the hori- 
zontal. Find the vertical speed of the rain if the train 
travels at a full speed of 40 m.p.h. ( 1F.$.) 

Solution. Vectorially, 


Rain relative to train + Train relative to ground 


= Rain relative to ground. 
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Again using a semi-graphical method we have 



B 

Fm. 3 


The vertical velocity of the rain (Fig. 3) is obviously AB 
sin 45°. 

AB cos 45° = AC/2 — 40/2 = 20 m.p.h. 

AB — 20\/2 m.p.h. 

and so AB sin 4b 0 — (20y/2) x (l/\/2) — 20 m.p.h. 

14. Sketch a graphical method of calculating the angle 
of the cross in the previous problem where the train is 
travelling at any given speed and evaluate for and § 
full speed. 

Ans. Vertical angle of cross = (7t/4) -{- tan -1 (v/20— 1). 

16-4°; 45°; 73-6°. 

15. A lift cage weighing 2 tons is accelerated upwards by 
means of a vertical rope from rest to 30 ft./sec. in 4 sec. 
with constant acceleration. Find 

the tension in the rope during this 
period, neglecting the weight of the 
rope. 

Solution. We require first of all 
(Fig. 4) the acceleration of the cage. 

Thus 



v — u + ft 
30 = 0 -j- / X 4 
/ = 30/4 ft./sec. 2 


W = 2 tons 
Fig. 4 
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Making use of the relation 

Force — Mass x Acceleration. 

(T - W) = (Wig) X / where g is the acceleration 
due to gravity. 

(T — 2) = (2/32*2) x 30/4 = 15/32-2 
T = (2 + 15/32-2) = 2-47 tons. 

16. A heavy ball of weight 120 lb. is suspended from a 
fixed point by a string of length 3 ft.,, and is rotating about 
a vertical axis through this point with a uniform angular 
velocity co = 10 radn./sec. Find the angle between the 
cord and the vertical axis, and the tension in the cord if its 

weight may be neglected. 

Solution. Since the ball 
describes a circle it has a radial 
acceleration aj 2 r directed to- 
wards the axis of rotation, 
which gives rise to the fictiti- 
ous centrifugal force (W /g)(o 2 r 
acting radially outwards on 
the ball. 

The forces acting on the 
ball are as shown (Fig. 5). 
Taking moments about the 
fixed point O, we have 

(Wig) ■ to 2 , r x h — W . r 

to 2 . h/g — 1 and h — l cos 6 
l cos 6 — g/w 2 . 

Substituting the given values, 

3 x cos 0 = 32-2/(10) 2 

cos 0 = 32-2/300 = 0-1073 
0 = 83-8°. 

If T is the tension in the string we have, resolving ver- 
tically forces on the ball, 

T cos 6 = W 

T = W/cos 6 - 120/0-1073 = 1 119 
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17. For a certain type of locomotive and tender the total 
resistance R lb. per ton at V m.p.h. is given by 

R - 8-8 | 0 01 V f 0 004V 2 . 

Find approximately by Simpson’s rule, or otherwise, the 
distance covered on the level after steam is shut off, during 
a reduction of speed from 70 m.p.h. to 30 m.p.h. ( IF.#.) 

Ana. 1-82 ml. 

18. For a certain motor car, the load speed ( v ft. /sec.) 
and the corresponding brake horse-powers on top gear and 


11 throttle 

, are given 

in the 

following 

' table. 


v ft. /sec. 

20 

1 

30 

40 

no 

00 

li.H.l’. 

7*1 

1 1 -7 

ir»-o 

18-8 

21-» 

F lb. 

so 

104 

122 

140 

1 

158 


For a loaded car weighing 1 ton and under certain road and 
wind conditions, the total resistance to motion, estimated 
as a tractive resistance F lb., is also given. Calculate and 
enter up the accelerations of the car at the several speeds 
and exhibit the result in a graph plotted on a speed base. 

On the same base show a time curve; read off the time 
spent in increasing the speed from 20 to 60 ft. /sec. ( IF. S'.) 

19. A vessel of 800 tons displacement gradually comes to 
rest against the resistance of the water, which may be taken 
to vary as the speed. 

Measuring from a certain instant the distance covered 
in 30 sec. is 100 ft., and the distance in 1 min. is 140 ft. 

Determine the resistance at 1 ft. /sec. and the speed at 
the beginning of the measured intervals. ( JF.$.) 

Solution. We make use of the relation, 

Resistance = Mass X Retardation 


remembering that the resistance varies with the speed. 
Thus, resistance = k x speed == k . ( ds/dt ), 
retardation — — ( d 2 sfdt 2 ), 

mas8 = = 55 640 lb. 


55 640 lb. 
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Hence the equation of motion is, 

k . ( ds/dt ) = — 55 040 . (d 2 s/dt 2 ) 


k ds _ 

55 640 ‘ Jt ~ ' 


The solution of this equation is 

s — A -f Be _(W / r .r, 640) w here A and B are constants. 

At the beginning of the measured intervals t — 0 and 5 — 0 
which leads to 

B — A, so that 

8 - A[1 - e-^/r.r.640)], (i) 

When t — 30 sec., s — 100 ft. 

When t = 60 sec., s — 140 ft., and substituting these values 
in (i) we get 

100 = A[1 -- e-(80*/55«40)] 

140 = A[1 — «<«)]. 

n _ g-(30Jfc/65 640)1 

By division 1-4 — TmuTi T? hTA T i which after some 

reduction leads to 

k ■— 1 099 lb. /(ft. /sec.) = resistance at 1 ft. /see. 

Speed at beginning of measured intervals is thus 
ds/dt, at t — 0, which is 
A&/55 040 — 5-088 ft. /sec. 

20. It is found that an unbalanced force of 3 lb. causes 
an acceleration of 150 ft. /sec. 2 of a certain particle. If this 
particle moves at a constant speed of 120 ft./sec. along a 
circular path of 4 ft. diameter, find the unbalanced force 
necessary to produce this motion. Illustrate with a 
diagram. (!T.$.) 

Solution. (Fig. 6.) The first part of the data enables us 
to find the mass of the particle. 

Since Force = Mass x Acceleration we have, 

3 = M x 150 
M = 3/150 = 1/50 lb. 
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The unbalanced force necessary to produce the circular 
motion is the centripetal force on the particle. 

F = M co 2 . r 

where to — angular velocity of 
the particle. 

Now v — co . r 
120 — to x 2 
to = 00 rad./Yec. 
and F = (1/50). (00) 2 . 2 
= 3 600/25 
— 144 lb. wt. 

21. A body moves at constant speed in a circular path of 
radius 5 ft. in a horizontal plane. In an interval of 0-2 sec. 
the radius sweeps out an angle of 10°. Find the mean 
acceleration of the body and state the magnitude, direction, 
and sense of the force required to produce this acceleration 
in a body weighing 2 lb. 

Ans. 3-805 ft. /sec. 2 
0-236 lb. 

22. The valve of a petrol engine is closed by means of a 
spring which has a stiffness of 30 lb./in. compression. If 
the valve opens downwards and its full lift is j in. and its 
weight 0-3 lb., find the time taken by the spring to close the 
valve. When closed the compression is | in. 

Solution. Let x ft. be the displacement of the valve 
from full lift position at time t sec. When closed x -- ^ ft. 
In any position tile closing force on the valve is 

F = 30 (£ + 1 - 12®) - 0-3 lb. 

= 22-2 - 360a; lb. 

The acceleration of the valve is d 2 xfdt 2 and since 
Force = Mass x Acceleration 
22-2 - 360a; *= (0-3/32-2)(d^/d* 2 ) 
or rewriting the equation of motion, 

d 2 xfdt 2 + 38 640® = 2 383 



Fia. (5 
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The solution of this differential equation is, 
x — A cos (\/38 640) . t -f- B sin (\/38 640) . t -f- 

where A and B are constants of integration. 


2 383 
38 640 


At x = 0, t = 0. A + i. 


2 383 


n a 2 383 

0, or A = — x 5 - 7 T 


38 640 38 640 

At t = 0, dx/dt — 0 since valve starts from rest and so 
B — 0, and the complete solution is, 

2 383 


x 


[1 - cos(V38 640) . t]. 


38 640 

The time of closing is obtained from the relation 
t = when x — 1/48 ft. 

1 2 383 


48 ' 38 640 


[1 - cos ( V38 640) . t x ] 


cos (V38 640) . t x = 0-6622 
(V38 640) . t x = 0-8465 

t x = 0-0043 sec. 

23. A valve is opened by a cam and 'osed by a’ helical 
spring. The weight of the valve is 1 lb. ; the initial force 
on the spring when the valve is closed is 6 ” ; the stiffness 
of the spring is 10 lb./in. and the spring has ^0 convolutions. 
The constant frictional resistance to the motion of the valve 
is 0-75 lb. 

(а) Find the time taken to close the valve from the 
position of maximum lift, which is 0-25 in., and 

(б) find the diameter of the steel wire of which the spring 

is made. (L.U.A.) 

Ans. (a) 0-0126 sec. 
(b) T \ in. 

{Hint. As in Problem 22 but with resistance.) 

24. A train weighing 100 tons is ascending an incline of 
1 in 120. The engine exerts a constant tractive force of 
1-5 tons wt. and the resistance due to friction is 10 lb. wt. 
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per ton. Find the acceleration of the train along the 
incline. 

Ans. 0-071 ft. /sec. 2 

25. A wagon weighing 10 tons is shunted on to an incline 
of 1 in 80 at a speed of 15 m.p.h., and comes to rest in a 
distance of 100 yd. Find the resistance of the rails to motion 
(assumed constant) and t he time taken to come to rest. 

Ans. 28 ib. wt. per ton. 

27-3 sec. 


26. A train of 50 tons weight moving at 10 m.p.h. strikes 
a buffer stop and is brought to rest in a distance of 2 ft. 
Assuming the force exerted to be constant, find the force 
and the time taken to bring the train to rest. ( l.M.E .) 

Solution. Let F be the required force, then since 

Force — Mass x Retardation 


Now 


Hence 


F = 


50 X 2 240 
32-2 


• / - 3 477/. 


v 2 = u 2 — 2 fs and u — 10 m.p.h. = 14-66 ft. /sec. 
0,= (14-66) 2 -2x2 x / 

/ = (14-66) 2 /4 53-71 ft./sec. 2 


3 477 x 53-71 
" 2-240 


83-41 ton wt. 


Tlie time take f is given by 
v — u — ft 
0 = 14-66- 53-71* 
t = 14-66/53-71 - 0-2729 sec. 

27. A train weighs 400 tons, and the locomotive and ten- 
der 110 tons. The maximum tractive effort is a sixth of the 
weight on the driving wheels. Find the minimum weight 
on the driving wheels so that the locomotive and train can 
get up a speed of 60 m.p.h. from rest in 3 min., assuming 
the wind resistance to be 8 lb. wt. per ton and an incline 
of 1 in 500. (l.M.E.) 

Ans. 63-5 tons. 
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28. It is suggested that emergency buffers might be 
designed so that the impact of a train would be absorbed in 
extending two long bars of ductile mild steel, one bar being 
used in each of the two buffers. If the bars are 10 ft. long 
and 2 in. diameter, and if the steel is such that it elongates 
25% with a mean stress of 24 tons/sq. in. before fracturing, 
find the highest speed from which a 400 ton train can be 
stopped before the bars break. ( I.C.E .) 

Ans. 3-756 m.p.h. 

20. Two stations on a railway are | mile apart. The 
maximum speed of a train between the stations is 40 m.p.h. 
The accelerating force on the train is and the braking 
foi *ee |, of the weight of the train. Find the minimum time 
to travel from station to station. (I.M.E.) 

Ans. 55-91 sec. 

30. A jet of steam flowing from a nozzle at the rate of 
0-473 lb. /see. is directed normally against a flat plate and 
leaves the latter tangentially. The recorded force acting 
on the plate being 16-1 lb., estimate the speed of the jet. 

(1F./S.) 

Solution. The recorded force on the plate is equal to 
the rate of change of linear momentum of the jet, resolved 
normal to the plate. 

Since the jet leaves the plate tangentially, the final 
momentum has no component normal to the plate. 

Hence, 

Force — Change of Momentum/second (normal to 
plate) 

= (Mass/second) X Initial velocity 
16*1 = (0-473/32-2) x v 

, 16-1 X 32-2 , AA „ ^ , 

and v — Q 473 — ~ 1 096 ft. /sec. 

31. A jet of steam flowing from a nozzle at the rate of 
0-5 lb./sec. and a velocity of 1 000 ft. /sec. strikes a curved 
plate and passes over it without loss of speed but with a 
change of direction of 45.° Find the resultant force on 
the plate. 
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Solution. The resultant force is equal to the rate of 
change of momentum of the jet. Since momentum is a 
vector quantity, this change must be found veetorially. 
From the vector diagram (Fig. 7), 


Resultant force on plate 

— CB bisecting angle ABD 
and CB — 2[(Mass/sec.) x Velocity] sin 22-5° 


Force 


2 x or> x l ooo w 
32-2f " “ X 
11-89 lb. 


0-3827 



32. A jet of water, 3 in. diameter, moving at 35 ft. /sec., 
impinges in succession on a series of vanes moving at 25 
ft./sec. in the direction of the jet. Each vane is curved 
through an angle of 130° and the jet strikes each vane 
tangentially. Find the force exerted by the jet on the vanes. 

(W.S.) 

Ans. 64-75 lb. 

33. A block of wood of weight 1 000 lb. is mounted on 
frictionless wheels and is moving at 1 ft./sec. along a hori- 
zontal plane. It is overtaken and struck by a bullet weigh- 
ing 0-1 lb. moving in the same direction. The bullet remains 
in the block which moves on with a velocity of 1-2 ft./sec. 
Find the speed of the bullet on striking. 
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Solution. The momentum lost by bullet = Momentum 
gained by bullet and block. 

Initial momentum of block 

— (1 000/(7) x 1 - 1 000/(/ lb- ft- see. units 

Initial momentum of bullet 

= 0'lvjg — v/10g lb. ft. sec. units 

Final momentum of bullet and block 


1 000- 1 x 1-2 1 200- 12 


V 


9 


lb. ft. sec. units 


Hence, 1 20012 /g — 1 000/(7 v/10g 

(1 200-12 - 1 000) ■= v/10 

v = 10 X 200-12 — 2 001-2 ft. /sec. 


34. If in the previous problem the bullet strikes the block 
at an angle making 45° with the direction of motion of the 
block and the block is constrained to move only in the 
original direction, find its velocity after impact and the 
lateral force which it sustains. 

{Hint: Vectorial change of momentum.) 

Ans. 1-141 ft. /sec. 

4-39 lb. 

35. A motor car has a wheel base of 8 ft. The height of 

the centre of gravity above the road is 30 in., and the 
distribution of load when at rest is, front axle 8 cwt., rear 
axle 12 cwt. If the coefficient of friction between the wheels 
and the road is 0-35, find the maximum acceleration of the 
car, (a) if the drive is on the front axle, ( b ) if the drive is on 
the back axle. ( L.IJ.A. ) 

Solution. Taking moments about A (Fig. 8) when at 
rest we get 

x = (8 x 12)/20 - 4-8 ft. 

(a) Drive on front wheels. The maximum force which 
can be exerted is /aR^ and when accelerating this tends to 
decrease the pressure on the front axle. Taking moments 
about B we get, 

//Rj x 30/12 + R x x 8 = W(8 - 4-8) 
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Fig. 8 


This latter is the maximum accelerating force and since 
Force — Mass x Acceleration 

we have 

Maximum Acceleration — - G 

Mass 

2 240 x 3-2 x 0-35 x 32 ; 2 
8-875 X 2 240 
= 4-064 ft. /sec. 2 

The remainder of the problem is left to the student. 



2. CENTRE OF GRAVITY— MOMENT OF INERTIA 


Definition. If the mass of every particle of a body be 
multiplied by its distance from a straight line or a plane, 
the sum of the products so formed is called the first moment 
of the body about that line or plane. 

The centre of gravity, or centre of mass, of a body is deter- 
mined by the following relations. 

(a) Two-dimensional body lying in plane XY. The 
co-ordinates of the centre of gravity are, 


First Moment about OY __ Emx 
Mass Em 

First Moment about OX _ Emy 
Mass Em 


(6) Three-dimensional body. The co-ordinates of the 
centre of gravity are, 


First Moment about plane ZOY _ Emx 
Mass Em 

First Moment about plane ZOX _ Emy 
Mass ~ Em 

First Moment about plane XOY _ Emz 
Mass Em 


In many cases we deal only with two-dimensional bodies 
or symmetrical bodies which may be treated in the same 
manner as two-dimensional bodies, by simple artifices. 
Examples of this will be given. In the cases of bodies 
with an axis or plane of symmetry it is obvious that this 
axis or plane must contain the centre of gravity of the 
body. 


20 
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1. Find the centre of gravity of the plane lamina Bhown 
in Fig. 9. v 

Solution. Note that for a 
plane lamina the mass of any 
area is proportional to that 
area. Taking the axes OX and 
OY as shown and dividing 
the lamina into figures, the 
positions of the centres of 
gravity of which are known 

— in this case rectangle^*— we J-_.|. . .-.i .. i ! x 

have, 





< 

o" 

c. 

4" 

i 


* 1 




u 

-10' 

* J 


x 


Emx 

Em 

502 


Fiu. 9 

p[(10 X 5 X 5) + (2 X 4 x 9) + (10 X 2 X 9)J 


p[(10 X 5) + (2 X 4) -f (10 X 2)] 


78 


= 6-43 in. 


... _ Emy _ p[(lO X 5 X 8-5) + (2 X 4 X 4) + (10 X 2 X 1)] 
V ~ = Em ' p[ (10 X 5) + (2 x 4) -j- (10 X 2)J 


477 

78 


= 6-11 in. 


where p — mass of unit area of the material. 

2. Find the centre of gravity of a plane semi-circular 
lamina of radius r (Fig. 10). 


Y 



Solution. We note that in this case there is an axis of 
symmetry which has been taken as OY. The c.g. lies on 
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this line. Taking the base as the axis of X and considering 
an element ABCD of the area, 

- _ Emy _ Zp(2xdy)y __ ^P f x V^y 
V ~ Zm ~ Z P (2xdy) ~ Yp j\dy 

Now x — r cos Q, y — r sin 0, dy — r cos 0 . dd. 

2 p r 3 . cos 2 6 . sin d . dd 

2p r 2 . cos 6 . cos 6 . d6 

='-Tn 

TC /2 r a | -] 

2 P rl 0 L2 + 4 sin2e J 

_ _ r 3 /3 _ 4r 
V ~ 7TT 2 /4 “ 377' 

3. Show that the c.g. of a right circular solid cone of 
height h, lies on its axis at a point h/4 above the base. 



Fig. 11 


Solution. Since the cone is symmetrical about its axis 
the c.g. must lie on this axis. Considering (Fig. 11) an 
elementary disc distance x from the base and taking the 
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semi-vertical angle of the cone = 6 ; let p = mass of unit 
volume of the material of the cone. 

Then 

Mass of elementary disc 
= pny 2 . dx. 

Moment of this mass about 0 Y 
— pny 2 . x . dx. 

.'. Total moment of cone about 0 Y 

* 

rx = h 


f-X — n 

— / pTT\fx . dx. 


Total mass of cone 


jLo 

Total moment of cone 
Total mass of cone 
px = h 

J x _ o prry 2 . x . dx 

rx - h 


X 


( =0 pvy* ■ dx 

rX = h 

I y 2 . x . dx 

_ Jx =--- 0 . 

“ r>X ~ fi 

L» yKdx - 

Now y — (h— x) . tan 0, and substituting we have, 


x 




2 . x .dx 


*T h 2 x 2 2 hx 3 . x i 

2 3 ^ 


] 


hr 2hx 2 x 3 " 

x + »] 


X = 


^ - z) 2 • 

[A 4 /2 - P 4 + h*l4] A 4 /12 _ A 

[A 3 -A 3 + A 3 /3] “A 3 / 3 “4 


3 — (T.6o) 
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4. Find the position of the c.g. of a solid hemisphere of 
radius r. 

Ana. § r from base. 

5. A right circular cone is made of thin sheet metal, and 
is bottomless. Find the position of its c.g. 

Ana. | height from base. 

6. A piece of wire is bent into the form of a semicircular 
arc of radius a (Fig. 12). Show that its centre of gravity lies 


V 



on the axis of symmetry at a distance from the centre of 
the circle, given by h — ‘la/jr. 

Solution. Considering an element AB of the wire and 
taking p = mass of unit length of wire, we have, 

Mass of element AB = length X p = pa . dO. 

Moment of element about OX 


— p . a . dO X a sin 6 

— p a 2 . sin 6 . dO. 

Total moment of wire about OX 

r 7t/2 

= 2 p I a 2 . sin 6 . dd. 

Total mass of wire — 7 ra . p 

,tt/ 2 w / 2 r 


Hence, h 


nl‘z W 

2 P J o a 2 . sin 6 . dB 2 P a * ~ cos e 


p . 7 ra 
h — 2pa 2 J prra — 2a/7r. 


p . ttcl 
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7. Find the position of the e.g. of a wire bent into the 
form of a circular arc of radius a which subtends an angle 
26 at the centre. 

Ans. a sin 0/6 from centre on axis of symmetry. 

8. A solid right circular cylinder of radius a and length l 
has a hemispherical depression of the same radius in one 
end. Find the position of the centre of gravity. 

Ans. | . (6 1 2 — 8 al + 3a 2 )/(3/— 2a) from the flat end. 

9. A portion of axial length a/2 is removed from a solid 

sphere of radius a. Findtthe c.g. of the remainder and of the 

piece removed. , .... f 

Ans. (i) \a from centre. 

(ii) 4 ya from base. 

10. The wheel base of a car (Fig. 13) is b, the radius of 
each wheel is r, and the total 
weight of the car is W. When 
the back wheels rest on a 
weighing machine table of 
height h, the machine registers 
W x . When the front wheels 
rest similarly on the machine 
the latter registers W 2 . Deter- 
mine the position of the centre 
of gravity of the car. ( PF.$.) 

Solution. Let the c.g. be 
a distance x from the front 
axle and height y above the line joining the front and rear 
axles. 

Position (i), taking moments about P, 

W(x cos 0 — y sin 6) — W \b . cos 6 (i) 

Position (ii), taking moments about Q, 

W[(6 — x ) cos 6 — y sin 0] — W 2 6 . cos 6 (ii) 

Eliminating y by subtracting (ii) from (i) we get 
W(2x - b) cos 6 = 6(Wj - W 2 ) cos 6 
(2 x-b) = f(W, - W 2 )/W] . b 

x = (&/2)[l + (W t — W 2 )/W] 

= M[( w + Wj — w,)/wj. 
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Substituting this value of x in (i) 

w • a W6/W + Wj-W^ fl 

W y sin 6 — 9 -I I cos 0 — Wj6 cos 6 

y = (1/W) L(6/2)(W + w x - W 2 ) - Wjb] . cot 6. 
Now from the figure 

«otfl = LVfo -**)]/* 

and hence y - £|&V( t2 - A 2 )]/A • (W - Wy - W 2 )/W. 


1 1 . A ship’s boat, 30 ft. long between hooks A and B 
at the bow and stern, is supported by ropes of equal length, 
6 ft., from davits C and D , 36 ft. apart at the same level. 
If the hook A lies 1 ft. away from the vertical line passing 
through (', find the centre of gravity of the boat. (1 .C.E.) 

Ans. On vertical through a point 6 ft. from A on AB. 


. 

— 1 
— 


I 


h ™ — I 


1 

1 

— 

1 

I 

!- 

i 


T f~ 

< 

Q 

cu 


— 

1 


14“ 

J 


Fig. 14 


12. Fig. 14 gives the dimensions of a crankshaft. Find 
the position of its c.g. with respect to the centre of the 

crank pin. Ans. 4-05 in. to right of pin. 

9*62 in. above pin. 


13. To find the c.g. of a locomotive one rail is raised a 

height of 7 in. above the other and it is found that the loads 

on the upper and lower rails are 25 and 46 tons respectively. 

If the distance between rails is 5 ft., find the height of the 

c.g. above rail level. . __ _ . 

° Am. 75-5 m. 
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Definition. If the mass of every particle of a body be 
multiplied by the square of its distance from a straight line, 
the sum of these products is called the second moment or 
moment of inertia of the body about that line. 

Thus if I denotes the moment of inertia of a body about 


a line, 


I Zmr 2 


where the summation extends over the whole body. 

It is often found convenient to express I in the form 

I = (V Vfg) . F = Mass x F 

The constant k is called tile radius of gyration of the body 
about the line considered. Hence we have, 

(Wig). F -= Emr 2 

Zmr 2 _ I 
‘ W/g Mass' 

Y 



Y 

Fig. 15 


14. Find the moment of inertia and hence the radius of 
gyration of a uniform rod of length 21 about an axis per- 
pendicular to the rod and through its e.g. (Fig. 15). 

Solution. Let w = weight of unit length of the rod ; then 
considering a small element ABCD of length dx and dis- 
tance x from the c.g. which is of course at the mid-point of 
the rod — 

Moment of inertia of element about Y Y 
= [(w/g)dx]x 2 

Total moment of inertia of rod about YY 




= Mg) + J[ar7 3 ] = Md) ■ (2*73). 
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Now the weight of the rod is obviously 2 wl. 


Hence, 


I |juj# P 

1 " \% 2wrf 3 

k = 1/^/3. 


15. Find the radius of gyration of a rectangular lamina 
of sides 2a and 2b, about an axis through its centre lying 
in its plane perpendicular to the side of length 2a. 

Ans. k = a/y / 3. 



16. What is the radius of 
gyration of a circular lamina of 
radius R about an axis through 
its centre and perpendicular to 
its plane? (Fig. 16). 

Solution. Let w — weight 
of unit area and consider an 
elementary ring of radius r 
and width dr. Now if dr is 
very small the moment of 
inertia of ring about C = 
(w/g)(27rr . <5r)r 2 . 


Total moment of inertia of circle about C 


= Z ( w/g)(2TTr . dr)r % 

where the summation is taken over the whole circle. 
When dr is decreased indefinitely, 

i _ 2 ™ rVdr. = 27 TW *h* 

e ~ g Jo 9 ( ,U 

= Hg)(7TR*l2). 


The weight of the disc is W = w . 7rR 2 . . 

I c _ (^/ g )(7rRV2) _ R 2 
c " W/g - Mg)rrW ~ 2 
k c = R/V2. 


17. Find the radius of gyration of the disc in Problem 16 

about a diameter. . , _ 

Ans. k — R/2. 
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18. A right-angled uniform triangular plate (Fig. 17) 
han a base of length a and a height 6. Find its radius of 
gyration about the base. 

Solution. Considering the elementary area shown in the 
diagram and letting w = weight of unit area — 


Y 



Moment of inertia of elementary area about the base 
OX is, 

(w/g)(a - x)dy . y 2 

ry = b 

hx = / .. Md)( a - *)y 2 - dy 

J V = 0 

Now from the figure, x\y = a/6. x — ( a/b)y and sub- 
stituting this value of x in the expression for i 0J( we have, 



wa b y* 

y 4 ’ 

wai 

^3 feA 

T oL3 

46 _ 

T* 

“ 47 


= Mg)(ab 3 l 12). 


The weight of the plate is W = w . (ab/2) 

i,2 I o* («fo) Wf 12) 6 2 

ojr “ Wig (w/g)(abl'2) #r 

Kx = bjV Q - 


• • 
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19. Find the radius of gyration of a solid sphere of 
radius R, about a diameter (Fig. 18). 


Y 



Solution. Taking w as the 
weight of unit volume of the 
material of the sphere and 
considering an elementary disc; 
of thickness dx and radius 
y — \/(R 2 — x 2 ) — 

Moment of inertia of disc 
about OX = (w;/g)(7ry 4 /2) • dx by 
Problem 16. Hence when dx 
is indefinitely decreased we 
have, 


Total moment of inertia of sphere about OX 


I 


us 




w 

9 



2R 2 x 2 ~f x*)dx 


.r 2 ) 2 . dx 


w 

9 




2RW 

3 


+ 



= .(8/15)(w/y)7rR 5 . 


Now the total weight of the sphere is 

w x volume = w . 4/3 . 7tR 3 = W 

_ Iox _ m^wjgU R 5 2 

ox Wfg (^)(4/3)ttR 3 5 

Ks = V(2/5) . R. 

20. Find the radius of gyration of a homogeneous right 
circular cone about its central axis, if the radius of its base 
is R and its height h. 

(Hint: Divide the cone into elementary discs.) 

Am. k = (y^R. 
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21. bind the moment of inertia of a uniform rectangular 
plate of sides 2a and 2b, about one of the sides of length 2b. 


Hence, show that if this 
moment of inertia is de- 
noted by 1 BB , and W is the 
weight of the whole plate, 

I*# ~ l.vx ~f (W/,y) . a 2 
where I AX — moment of in- 
ertia about an axis parallel 
to the side 2b and through 
the centre of gravity. 

Solution. Considering 
the elementary shaded area 
in Fig. 19— 


1 

a 

i 

■ 

[ 



4 

a 


. .1. jj . . 

1 



* r~Oy 

“u 

B J 

L. 


-Lb 


Fin. 19 


l BB of element (w/g) . (2b . 6y)y 2 when* w — weight of unit 
area. 


Summing up for the whole plate, 


1 


BB 


J, V 9 „L :i J 3 9 


Since the weight of the plate is W = 4 w . ab , 

I BB = (4/3)(W lg)a\ 

The moment of inertia about XX may he found in a similar 
manner or from Problem 15, 

Ixx = (W/</)(a 2 / 3) 

\xx + (W/f/)a 2 = (W/</)(a 2 /3) + (W/ f y)a 2 = (W/g)(4/3)a 2 


Rule. The result of Problem 21 may be summed up in a 
general rule which will be found exceedingly useful in 
calculating moments of inertia, viz. 

The moment of inertia of a body about any axis is equal to 
the moment of inertia about a parallel axis through the centre 
of gravity together with the product of the mass of the body and 
the square of the distance from the given axis. 
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For bodies which have axes of symmetry there exists a 
simple rule for finding the moment of inertia about any one 
of these axes. 1 1 is known as Routh’s Rule after its originator. 


Moment of inertia about an axis of symmetry 

( Sum of squares of perpendicular semi-axes ) 


Mass 


- 


3, 4 or 5 


5 


The denominator is to be 3, 4 or 5 according as the body 
is rectangular, elliptical, or ellipsoidal. 

To illustrate the use of this rule take a number of ex- 
amples, thus — 

(i) A uniform rectangular plate of sides 2a and 2b : 
f about axis through c.g. parallel to 2a 
= (W/jj r)(6>/3) 

1 about axis through c.g. perpendicular to plane 
= (W/jf) . (a 2 + 6 2 )/3. 


(ii) A uniform elliptical plate of semi-axes a and b : 
I about major axis 2a — (W/g)(6 2 /4) 

I about minor axis 2b = (W/^)(a 2 /4) 

I about axis through c.g. normal to plane 

= (W/flr) . (a 2 + 6 2 )/4. 


(iii) A homogeneous ellipsoid of semi-axes a, b and c : 
I about axis 2 a = (W /g) . (6 2 -f- c 2 )/5 
I about axis 2b — (W/g) . (c 2 -j- a 2 )/ 5 
I about axis 2c — (W jg) . (a 2 -f- 6 2 )/5. 


Since the sphere is a particular case of the ellipsoid in 
which a — b — c, we have for a sphere, 

I about a diameter — t(W/g)a 2 where a is the radius. 

22. Find the radii of gyration of a hollow sphere of 
external radius R and internal radius r about, 

(i) a diameter, 

(ii) a tangent to the outer surface. 

Ans. (i) jfc* = jf[(R 5 — r 6 )/(R 3 — r 3 )] 

(ii) jfc* = |[(R6 - r 5 )/(R 3 - r 3 )] + R a 
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23. Find the radius of gyration of a homogeneous cone 
of base radius R and height h about a diameter of the base. 

Aiis. k — 

24. Show that the moment of inertia of the uniform 
triangular plate in Fig. 20, about the line A Y, is given by, 



Mr 


\(W/g)(m 2 -f mn -f n 2 ) 




25. Find the radius of gyration of a uniform semi- 
circular plate about its base given that the radius is R. 

Ans. lc = R/2. 

26. A cast iron frame has the section shown in the Fig. 21 . 

Find : (i) the centre of gravity ; (ii) the second moment 
(moment of inertia) about an axis through the centre of 
gravity and parallel to AB. (I.Mech.E.) 

Ans. (i) 7-65 in. above A B. 
(ii) 3 744 in. 4 

27. An eccentric sheave consists of a cylinder 10 in. 
dia. and 2 in. thick having a hole 3 in. dia. The axis of the 
hole is 3 in. from the centre of the disc. If the material of 
the eccentric weighs 0-26 lb. /per in. 3 , find its moment of 
inertia about the axis of the hole. ^ ns 373.3 jp j n 2 


28. Find the radius of gyration of the crankshaft of 
Problem 12 about its axis. ^ ns 3.35 




3. COUPLE — ANGULAR MOMENTUM— ENERGY- 
DYNAMICS OF SIMPLE MECHANISMS 

In linear motion we have the relation, 

Force = Rate of change of momentum 

= ( d/dt)(Mv ) — Mass x Acceleration. 
Similarly for rotational motion we have, 

Couple = Rate of change of angular momentum 

= (dldt)(lco) — Moment of inertia X Angular 
Acceleration. 

1. A uniform bar (Fig. 22) of length 5 ft. and weight 
15 lb. is fixed horizontally at one end to a vertical shaft 

RAD. - 5j 

rr ■ j 

X— 4\£ x 

Fig. 22 

which rotates at 150 r.p.m. Find the maximum tension in 
the bar due to rotation. If the bar is then brought to rest 
in 5 sec. by a constant couple applied to the shaft, find the 
bending moment at the axis of rotation. 

Solution, (i) The tension in the bar when rotating 
uniformly is due to the centripetal acceleration . Considering 
an element of the bar of length dx and distance x from the 
axis of rotation — 

Tension at P due to rotation of this element 
= (15/5)(dx/g)a> 2 . x 

where to = angular velocity of the bar 

= (2w x 150)/60 = 5i t radn./sec. 
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Hence total tension at P due to rotation 


T = 



75tt 2 T x 2 " 

9 rl_2_ 


757T 2 

2g 


(25 - r 2 ) 


This is evidently a maximum where r = 0, that is on the 
axis of rotation. 


T 


max 


75tt 2 X 25 
~2 x 32-2 


287-2 lb. 


(ii) The bending moment at the axis due to the angular 
retardation of the bar is simply the couple required to 
produce the retardation. 

Now oj final — <o initial — d>t, where to — angular retardation 
and since t — 5 sec. we have 

0 = 5tt - 5oj 
<o — 7 t radn./sec. 2 

Hence, 

Couple = Moment of inertia X Angular retardation 

= 12-19 lb. ft. 

— required bending moment. 

2. A cage weighing 1-5 tons is raised by means of a rope 
coiled round a drum of 5 ft. dia. mounted on a horizontal 
shaft. The drum and shaft weigh 2 000 lb. and the radius 
of gyration is 28 in. 

A motor supplies a constant torque of 9 000 lb. ft. to 
the shaft. Assuming no friction and that the rope is tight 
when the motor begins to revolve, find 

(а) the acceleration of the cage, 

(б) the time required to raise it 40 ft. from rest, 

(c) the tension of the rope. 


(JF.S.) 
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Solution, (a) For the shaft and drum, 

Couple = Moment of inertia X Angular acceleration 


9 000 - 


2 000 /28 
32-2 \ 12 


where T is the tension in the rope and (b the angular accelera- 
tion. 

Simplifying, 9 000 — | . T = 388-2 . c b. (i) 

Jj 

If / = linear acceleration of the cage, we have, 

/= ( 5/2 )©, 

and since 

Force = Mass X Acceleration, 
we have considering the cage, 

T - (2 240 x 1-5) - X | o 

or T - 3 360 = 260-8w 

T = 260-8co + 3 360. (ii) 

Substituting this value of T in (i) we get, 

9 000 - 652m - 8 400 = 388-2c<i 

(b — - radn./sec. 2 

1 040-2 

Acceleration of cage = (5/2)co = 1-442 ft. /sec. 2 

(6) Since this acceleration is constant we have, 

40 = J . ft 2 =|x 1-442 X f 2 
/ 80 


1-442 


= 7-447 sec. 


(c) The tension in the rope from (ii) above, is 

T = - * 9 Q ° + 3 360 = 3 510-5 lb. 

1 U4U*S2 
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3. Find the torque which must be applied to the shaft 

in Problem 2 in order that the cage may descend at a 
uniform speed of 2 ft. /sec. ( 1F.»S\) 

Ana. 7 829 lb. ft. 

4. A drum weighing 2 tons and having a radius of 
gyration of 2 ft. supports a weight of 500 lb. by means of a 
rope which is wound round the drum on a diameter of 6 ft. 
If the system is started from rest, find the velocity of the 
weight and the tension in the rope after the weight has 
fallen 6 ft. 

Ans. 8-806 ft. /sec. 
399-6 lb. 


5. A flywheel weighs 5 tons and has a radius of gyration 
of 3 ft. When it is spinning at 2 500 r.p.m. the power is 
removed and it is found to slow down under constant 
friction, to 2 100 r.p.m. in 4 min. Find the friction couple, 
and assuming this independent of speed find the time taken 
to come to rest from the initial speed. 

Solution. 

Couple = Moment of inertia X Angular acceleration. 

If mi = initial angular velocity 

and ft> 2 — angular velocity at time t, we have 

ft) 2 = coj — (ot, where co = angular retardation. 

2 1 00 = 2 500 — co X 4 


ft) — 400/4 = 100 rev. /min. 2 
f2-i t X 100 \ , . 2 

= (- Wmr) mA " lseK ‘ 

Hence 

n . A . , 5 X 2240 /0 . 2 2tt x 100 

h notion couple — — 5^ — X (o) £ x 


32-2 


3 600 


= 546 lb. ft. 


To find the time to come to rest we have co 2 = 0 and 
consequently, 


0 = 2 500 - lOOf 
t — 2 500/100 = 25 min. 
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6. The cage of a goods hoist weighs 9 cwt. and carries a 

maximum load of 15 cwt. It is raised by a rope passing 
over a 4 ft. dia. drum of weight 800 lb. and radius of gyration 
18 in. The other end of the rope is connected to a balance 
weight, the cage being overbalanced when empty to the 
extent of 40% of the full load. If the drive, when raising 
the maximum load is to be capable of a performance 
equivalent to an acceleration of 4 ft./sec. 2 at a speed of 
10 ft./sec., calculate the drum torque and the power neces- 
sary for the masses given. ( L.U .) 

Ans. 2 506-8 lb. ft. 
25-72 h.p. 

7. A fly-wheel weighing 5 tons and having a radius of 

gyration of 3 ft. is mounted on a shaft 8 in. dia. If a brake 
is applied to the shaft so that it is brought to rest from a 
speed of 100 r.p.m. in 30 sec., what will be the shearing force 
on the keys securing the wheel to the shaft? ( l.C.E .) 

Ans. 0-73 ton. 

8. A wire rope is fixed to and coiled round a drum 8 ft. 
dia. and the free end supports a load of 3 tons. If the 
weight of the drum is 1| tons and its radius of gyration is 
3| ft., find the velocity of the load after it has fallen 100 ft. 
from rest. The wire rope weighs 5 lb. per ft. length. 

Ans. 75 ft./sec. 

9. Define angular momentum, and derive an expression 
for the angular momentum of a fly-wheel of radius of gyra- 
tion Jc and weight W tons revolving at N r.p.m. 

Show that the rate of change of angular momentum of such 
a fly-wheel is equal to the applied torque. 

A motor gives 10 h.p. at 700 r.p.m. On the shaft is a 
fly-wheel weighing 1 ton and having a radius of gyration 
of 1-5 ft. 

Assuming that the torque of the motor is constant, find 
the time in which the motor, starting from rest, will get up 
a speed of 700 r.p.m. (I.Mech.E.) 

Ans. 2 min. 33 sec. 
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10. A body moves on a smooth horizontal table in a 
circle 4 ft. dia. at a constant speed of 12 ft./sec., and is con- 
trolled by a string 2 ft. long pinned to the table at a point C. 
The string is suddenly lengthened to 3 ft., being still pinned 
at C, and the body ultimately describes a circle 6 ft. dia. 

Assuming the string to be absolutely unstretchable and 
unbreakable, describe the intermediate stages of the 
motion. The weight of the body being 5 lb., show by means 
of diagrams the horizontal forces acting on, and the 
velocities of, the body at the several important stages. 

Find the sudden change of momentum which occurs when 
the string tightens, and determine the constant force which, 
acting for a time equal to that of the free motion of the 
body, would produce an equal change of momentum. ( ) 

11. A fly-wheel and shaft of weight | ton and radius of 
^gyration 3 ft., are rotating in fixed bearings at 300 r.p.m. 

By means of a clutch on the shaft another similar system, 
of wheel and shaft weight 1 ton and radius of gyration 4 ft., 
is suddenly connected to the first shaft. Find the common 
speed of rotation. 

Solution. Since there are no frictional or other losses 
the total angular momentum of the system must remain 
constant. 

Initial angular momentum Ieo 

2 240 X (3) 2 /2tt x 300 \ 

~~ 2 x 32-2 V 60 / 

= 9 828 lb. ft. sec. units. 


Final angular momentum = (I + 


"2 240 

2 


X (3) 2 + 2 240 X (4) 2 - 


' 1 
- 32-; 


27rN]_ 

“60“ 


= 149-3N X lb. ft. sec. units. 


Since Initial angular momentum = Final angular momen- 
tum, 

9 828 = 149-3-iVj 
N x = 65-85 r.p.m. 


4 — (T.6o) 
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12. A motor cycle of total weight 350 lb. is at rest with 
the clutch withdrawn and the engine running light at 
1 000 r.p.m. The total moment of inertia of the rotating 
parts of the engine is 25 lb. ft. 2 , and the road wheels have a 
diameter of 26 in. If low gear is engaged, and is such that 
the engine makes 12 revolutions for one revolution of the 
road wheels, and the clutch is suddenly let in, find the initial 
forward velocity of the motor cycle. 

Solution. Angular momentum of rotating parts = Ico. 


25 X 2?r x 1 000 
32-2 x 60 


— 81*27 units. 


Let V = initial velocity of cycle in ft. /sec., then after the 
impulse the angular velocity of the engine is 


12, 7 __ 144. r 

° h “ l3 V X 12 “ 13 V 


and the angular momentum is then 

la>1 = 32^2 X 1 ¥ V = 8 ' 6V umtS ' 

Hence, 

Change of angular momentum — (81*27 — 8-6V): 

This change imparts an impulsive couple at the road 
wheels, given by 

STHS- (81-27 -MV) 

144 

F = (81*27 - 8-6V) lb. 

, lo 

where F is the impulsive force between road and wheels. 
Equating this force to the instantaneous change of linear 
momentum of the cycle, we get, 

(144/13) (81*27 - 8-6V) = (350/32*2) V 

V = 4*42 ft./sec. 

13. Fig. 23 represents a tilt hammer hinged at A and 
raised 30° ready to strike an object B. If the total mass of 
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the hammer is 10 lb., the distance of its centre of gravity 
G from A is 2 ft., and its radius of gyration about the axis 
of the hinge is 2-2 ft., calculate the force of the blow on B 
which may be assumed to take place in 0-004 sec. Also 
calculate the reaction at the hinge. ( L.U.A.) 



Solution. We must first find the angular velocity at the 
instant of striking, by equating the loss of potential energy 
to the gain of kinetic energy, thus : 

W x (AG) sin 30° = £Ico 2 

10 X 2 x £ = £ . (10/32-2)(2-2) 2 . co 2 
co = (1/2-2) v"(2 X 32-2) = 3-648 radn./sec. 

Hence the change of angular momentum caused by the 
blow is 

Ico = (10/32-2) X (2-2) 2 X 3-648 = 5-481 units. 

This change occurs in time 0-004 sec., and is due to a force 
Pat B. 


P x 2-5 x 0-004 = 
P = 


5-481 

5-481 

2-5 x 0-004 


548-1 lb. 


Let R be the impulsive reaction at A. At the instant of 
impact the point G is moving with a velocity 

co . (AG) = 2 x 3-648 = 7-296 ft./sec. 
Momentum of mass supposed concentrated at Q, 

= (10/32-2) x 7-296 = 2-266 units. 
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This is destroyed in 0-004 sec. and hence 

Ft — R = Change of momentum = 2-266 
(548-1 x 0-004) — R = 2-266 

R = — 0-074 lb. 

Since R was assumed in the opposite sense to P, the 
negative sign means that it is actually acting in the same 
sense. 

14. A wheel rotates freely about its axis, which is hori- 
zontal, at a mean speed of 300 r.p.m. The weight of the 
wheel is 90 lb., its radius of gyration is 6 in. and its mass 
centre is 0-05 in. from the axis of rotation. 

Find the percentage fluctuation of speed from the mean 
value. 

If a brake is applied to the axle which is 3 in. dia., the 
coefficient of friction being 0-2, find the constant pressure 
of the brake that will stop the wheel in 12 sec. ( 1F./S.) 

Ans. 3-3% 

73-16 lb. 

15. A fly-wheel (Fig. 24), whose axis is vertical, has a 
moment of inertia A, and the radius of its axle is a. A 



Fiu. 24 


string is wound round the axle, and passes horizontally to a 
pulley, the radius of the pulley being b, and its moment of 
inertia B. At the end of the vertical portion of the string 
is suspended a weight. If the system starts from rest, find 
the angular velocities of the fly-wheel and the pulley and 
the linear velocity of the weight, in terms of the distance 
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through which the weight has fallen, the friction of the 
bearings of the fly-wheel and pulley being neglected. 

Prove that the ratio of the tension in the horizontal 
portion of the string to that in the vertical portion is 

A6 2 /(A6 2 + Ba 2 ) (If.S.S.) 

Solution. Let u> — angular velocity of fly-wheel. Then 
coa — linear velocity of weight W, and coajh — angular 
velocity of pulley. In this example we will make use of the 
principle of conservation of energy, in the form, 

Total energy of system — constant 
or 

Loss of potential energy of weight 

= Gain jf kinetic energy of system 


The k.e. of a rotating body is |Ico 2 . The k.e. of a body 
moving with linear velocity v is Hence we have, if x 

is the distance moved by the weight W, 

Wi = \Kco 2 + |B(f oa/b) 2 -f | (W/f/) (coa ,) 2 

Wx I co 2 [A + (a 2 /b 2 ) B + (W/g)a 2 \ 


(0 



2Wx 

[A + (aW)B + (W/g)a 2 )] 


— Angular velocity of fly-wheel. 

a a I 2Wx 

( °b~b/^ [A -f (a 2 jb 2 )B + (W/</)a 2 ] 


and 


If 

Then 

and 


= Angular velocity of pulley 



2Wx 

[A + (a 2 /6 2 )B + (W jg)a 2 ] 


= Linear velocity of weight. 
ib — angular acceleration of the fly-wheel 
<ba = linear acceleration of the weight 
iba/b — angular acceleration of the pulley. 
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If Tj, and T r are the horizontal and vertical tensions 
respectively, we have 

(i) T s xa = Aid T* = (A /«)„. 

(ii) (T p - T ff )6 - Bco . (a/6) (T F - T„) = B(a/6 2 ).r6. 
By division, 

(T k — Tj 5 ,)/T y/ = (B/A)(a 2 /6 2 ) 

T,/T„- 1 = (B/A)(a 2 /6 2 ) 

Tp/T, = 1 4- (B/A)(a 2 /6 2 ) = (A6 2 + Ba 2 )/A6 2 
T///T K =-. A6 2 /(A6 2 + Ba 2 ). 


16. A motor car is geared so that for 1 revolution of the 
engine the car travels 1-2 ft. along the road. The mass of 
the car has a certain fly-wheel effect in steadying the running 
of the engine, and if the engine is to be run separately for 
test purposes a fly-wheel should be added to give the same 
steadying effect as the car. Calculate the moment of inertia 
of a fly-wheel to replace the car if the latter weighs 1 200 lb. 
State the weight of the wheel if it may be treated as a ring 
concentrated at a radius of 6 in. ( 1T.$.) 

Solution. Let the angular velocity of the engine be 
co radn./sec. 

Then Linear speed of car = (co/27t) X 1-2 ft. /sec. 


At this speed the kinetic energy of the car is 

1 1 200 /1-2 mV 

K e - = 2 X 3*2 (“ST/ 


Let I be the moment of inertia of the necessary fly-wheel ; 
then the k.e. of this fly-wheel must be the same as that of 
the car, 


And so, 


K.e. 


1 

2 


Ift> 2 . 


1 2 _ 1 I 200 ( 

2 ’ “ 2 * 32-2' ‘ V 

1 200 / 1*2 \ 

1 ~ 32-2 ’ \2itJ 
I = 1*36 lb. ft. 2 units. 
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Now 


( W/g)Jc 2 = I = 1-36, and k — £ . ft. 
W 1 

322 4 - 136 
W = 175-2 lb. 


17. An engine runs at 180 r.p.rn. against a constant resist- 
ing torque of 1 270 lb. ft. The fly-wheel weighs \ ton and 
its radius of gyration is 1-11 ft. For a certain angular 
interval of 62° the crank effort has a mean value of 1 440 
lb. ft. and reaches a maximum of 1 030 lb. ft. Find 

(a) The effective hoist-power of the engine and the 
kinetic energy of the fly- wheel at the speed of 180 r.p.m. 

(b) The percentage increase of speed during the interval 
under consideration. 

(c) The maximum angular acceleration which occurs 

during this interval. (PF.aS*.) 

Am. (a) 43-5 and 7 607 units. 

(b) 1-17% 

(c) 8-4 radn./sec. 2 

18. The reciprocating parts of a horizontal engine weigh 
500 lb. The engine has a stroke of 2 ft., and the connecting 
rod is “long.” At | stroke there is an effective total pressure 
on the piston of 30 000 lb. What power is being delivered 
to the piston at this instant if the engine runs at 120 r.p.m. ? 

How much of this power is being transmitted to the crank- 
pin? (TF.S.) 

{Hint: Since the connecting rod is “long,” the piston 
moves with simple harmonic motion.) 

Ans. 593 h.p. ; 0-96 of total. 

19. A railway truck has four wheels each weighing 500 lb. 
and having a radius of gyration of 18 in. and outer diameter 
of .3 ft. 6 in. The additional weight of the truck and its load 
is 2J tons. 

If the truck starts from rest down an incline of 1 in 100, 
how long will it take to cover 150 yd., on the assumption 
that wind resistance and friction are equivalent to a constant 
force of 50 lb., and that the wheels do not slip ? 
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Solution. The moment of inertia of each wheel is 


50° 

32 


?-(!) 


34-93 lb. ft. 2 units. 


Considering the energy of the system we have 
(Loss of potential energy) — (work done against resistance) 
== (Gain of kinetic energy) 


In moving 150 yd., 


T , 450 

Loss of p.e. - T ( 


v 


7 600 - 34 200 ft. lb. 


Work done against resistance = 50 X 450 
= 22 500 ft. lb. 


If V = velocity of truck in ft. /sec. after 150 yd., then 
4V/7 = angular velocity of wheels in radn./sec. after 150 yd. 
Hence total k.e. of truck and wheels is, 

£(4 x 34-93)(4V/7) 2 + \(1 600/32-2) . V 2 = 140-81V 2 . 

Substituting in the energy equation, 

34 200 - 22 500 = 140-81 V 2 

V = 9-116 ft. /sec. 

Since this speed is attained from rest under the action of a 
constant force we have, 

V 2 = 2/s 

(9-116) 2 — 2 x 450 x/ 

/ = 0-0923 ft. /sec. 2 

And hence the time required is given by, 

V=/*. 

9-116 = 0-0923* 
t — 98-72 sec. 
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20. A post is being driven into the ground by blows from 

a weight which, between successive impacts, is raised an 
approximately constant height and then allowed to fall 
under gravity. The post is observed to have penetrated 
6 in. after the first blow and 11 in. after the first two blows. 
Assuming that the resistance to penetration at a depth of 
x in. is (A + Ba:) lb., where A and B are numerical constants, 
determine the total distance penetrated after three blows 
and after six blows. (IF.$.$.) 

Ans. 15-38 in. an.! 26-3 in. 

21. A constant horse-power, II, is expended in propelling 
a body of weight w lb. horizontally against a constant 
resistance R lb. 

Show that the time taken to acquire, from rest, one-half 
of the greatest velocity is 

17-l(log e 2 — |)(n?H/R 2 ) sec., 
and that the distance covered is 

9394 (log e 2 - |) (wH 2 /R 3 ) ft. ( W.8.S.) 

22. A twin-cylinder engine is single acting, with its 

cranks set at right angles, and it runs at 1 500 r.p.m. The 
torque-crank angle diagram for each cylinder is practically 
a triangle for the power stroke, with a maximum torque of 
120 ft. lb. at 60° after “in” dead centre of the corresponding 
crank. The torque on the return stroke is negligible. 
Find (a) the horse-power developed ; ( b ) the weight of the 
fly-wheel, concentrated at 8 in. radius, to keep the speed 
within ± 3% of the mean ; (c) the angle turned through by 
the crank while it is being speeded up. ( L.U .) 

Am. (a) 17-13 h.p. 

(b) 8-7 lb. 

(c) 57r/6 radn. 

23. A small, single-cylinder, four-stroke cycle, oil engine, 
of 5 in. stroke length, develops 7 h.p. at 1 000 r.p.m. The 
excess energy, delivered during the power stroke, is 78% 
of the energy per cycle. The engine is fitted with a combined 
fly-wheel and belt pulley of weight 160 lb. and radius of 
gyration 7J in. The rotating parts of the engine — part 
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connecting rod, crank-pin, etc. — are equivalent to 9 lb. 
concentrated at the crank radius, and are balanced by 
weights fixed to the crank webs, the centre of gravity and 
radius of gyration of which arc, respectively, 3 in. and 
3| in. 

Estimate the range of speed fluctuation of the engine; 
and state the percentage error that would be incurred in this 
estimate by considering the fly-wheel only. ( L.U .) 

A ns. 1-187% fluctuation. 

2-36% error. 

24. The torque exerted on a crankshaft of an engine 
when corrected for balance is given by the expression 

10 | 5 sin 20—7 cos 40, 

in foot-ton units. Assuming that the resistance is constant, 
find the moment of inertia of the fly-wheel if the speed 
variation is not to exceed 0-3% above or below the mean 
speed, which is 120 r.p.m. (W.S.S.) 

A ns. 118-2 ton ft. 2 



25. A block of wood A (Fig. 25) weighing 1£ kg. is 
mounted on frictionless wheels, and attached by a light 
spring balance B to one end of a plane C. In this position 
the spring balance is not extended. 

A bullet, weighing 1-75 g., is fired from an air-gun into 
the block in the direction de. After firing the block moves 
along the plane and extends the spring balance until this 
registers 55 g. ; it then moves back towards its first posi- 
tion. In the scale of the balance the 10 g. marks are 12 mm. 
apart. 
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Find the velocity of the bullet just before striking the 
block. (JT.£.) 

Solution. Since there is no change of momentum at 
impact, we have 

1 501-75 V = l-75u 

V = (1-75/1 501-75)*; 

where V = initial velocity of block and bullet, 
v — velocity of bullet. 

Initial k.e. of bullet and block 
1 150J-75 

"" 2 ' 453-6 X~32-2 ' 

1 1 501-75 / l-75t? V 

“ 2 ' 453-6 X 32-2 \1 50p75/ ' 

This must be equated to the work done in stretching the 
spring. 

55 

The spring stretches an amount ^ X 12 mm. 

55 x 12 

“ 10 X 2-54 x 10 x 12 

The maximum pull in the spring is 55 g. — 55/453-6 lb. 
Work done in stretching spring 

1 w 55 w 55 X 12 
— 2 X 453-6 X 100 X 2-54 X 12 


55 X 55 

453-6 X 200 X 2-54 


ft. lb. 


Hence we have 


1 w 1 501-75 

2 X 453-6 x 32-2 X 


1-75 

1 501-75 


55 X 55 

~~ 453-6 X 200 X 2-54 
v — 434-5 ft. /sec. 


2 
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26. Two similar loaded trolleys shown in Fig. 26 moving 
in opposite directions with equal velocity u, collide, impact 
occurring at the point P. Immediately after impact the 
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horizontal velocity of the point of contact is zero, but it has 
a downward vertical velocity v. 

Show that 

v -- dhu/(a 2 + h 2 + k 2 ) 

where k is the radius of gyration of each loaded trolley 
about a horizontal transverse axis through its centre of 
gravity. The inertia of the wheels may be neglected. 

(Mech. Sc. Tripos Cam.) 



4. SIMPLE HARMONIC MOTION— SMALL 
OSCILLATIONS 


Definition. When a particle moves along a straight line 
with an acceleration always directed to a fixed point in the 
line, and proportional to the distance from the particle to 
the point, then the parti Jr is said to move with simple 
harmonic motion. 


1. A particle describes a circular path of radius r with 
uniform angular velocity co. 

Find the motion of its projec- V 

tion on a diameter. o 

Solution. Let AB (Fig. 27) / "" o/^\ 

be the diameter on which / /s r > \ 

P v the projection of P, moves. R / 4 |p, \ . 

At ti m e t let 6 be the angle \ Q|, x J 

which the radius OP = r, * / 

makes with OA. Let x — \ / 

displacement of P x from 0 \ / 

measured along OA. p IG . 27 


Then x = OP x = OP cos 6 = r cos 0 
cos 6 — x/r. 

The velocity of P x is the horizontal component of the velocity 
of P and is directed along OA . If this velocity is v, 

v — (or sin 0 — (or\/(l — x 2 /r 2 ) = w V( r2 — * 2 ) 

The acceleration of Pi is the horizontal component of the 
radial acceleration, coV, of P, 
f — — co 2 r cos 6 

= — a> 2 x directed towards 0 along OA. 

Hence the projection P x of P moves along AB with simple 
harmonic motion. 

The fixed point 0 is called the centre of oscillation and 
the displacement r on each side of 0 is called the amplitude 
of the motion. 
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A complete oscillation is from A to B and back to A, 
and the time, or period, of a complete oscillation is therefore 
given by 

x ^ / displacement 

oj 2 x y acceleration 

It follows that any s.li.m. may be treated as the projection 
on a diameter of uniform motion round a circle whose 
radius is the amplitude of the s.h.ra. 

2. A particle starts from rest with s.li.m. at 10 ft. from 
the centre of its path. If its initial acceleration is 2 ft./sec. 2 
find 

(a) the periodic time of the motion. 

(b) the velocity and acceleration 6 ft. from the centre of 
its path. 

Solution. Consider the motion as the projection on a 
diameter of uniform motion round a circle, as in Problem 1 . 
If the displacement from the centre at any instant be 
denoted by x, 

Acceleration = co 2 . x 

2 = co 2 X 10 initially, 

and so co 2 = 2/10 or co = 1/ \/5 radn./sec. 

The velocity in any position x, is given by 

v = co\/{r 2 — a; 2 ) where r is the amplitude. 



Now v = 0 in the extreme positions where x = r so that 
in this case r — 10 ft. 


(a) Periodic time 


14-05 sec. 


JU vx JIVVtAV vllUV 1 | /w A 4. VI/ wvv* 

co l/y5 

(6) Velocity 6 ft. from centre = (l/\/5) -\/ (100— 36) 

= 8/V5 = 3-578 ft./sec. 

(c) Acceleration 6 ft. from centre = co 2 x — (1/5) x 6 

= 1-2 ft./sec. 2 
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Note. Since the acceleration in s.h.m. is proportional to 
the displacement and always directed towards a fixed 
point the differential equation of the motion is 

Acceleration = d 2 xjdt — — jrx where p is a constant 

or d 2 xjdt 2 -f p 2 x — 0 (i) 

Hence if we can show any motion to he represented by 
such an equation, we can immediately say that this motion 
is Simple Harmonic. For example in Problem 1 the 
equation of motion is obviously 

d 2 xfdt L f oj 2 x - - 0 . 

The periodic time was given as t =±= It, t/m so that for any 
s.h.m. as represented by (i) 

t ■■= 2vfp 

3. A weight of 40 lb. attached to the lower end of a 
vertical spiral spring makes small vertical oscillations. If 
the stiffness of the spring is such that a weight of 100 lb. 
extends it 1 in., find the frequency of the vibrations. Neglect 
the weight of the spring. 

Solution. Imagine the weight to be displaced a distance 
x ft. vertically downwards from its equilibrium position. 
Then, 

Tension in spring = T = 1 200a; lb. 

Making use of the relation, 

Force = Mass x Acceleration 

to form the equation of motion 

(Wjg) . ( d 2 xfdt 2 ) + (W/g)g — W— T 
or d 2 x/dt 2 + gT/W = 0 

d 2 x\dt 2 + (9/ W) . 1 200x = 0. 

This obviously represents a s.h.m. and we have 
Frequency of vibrations = number/sec. = ljt 

- (g x 1 200)/W = 32 2 x 1 200 

— 2tt 40 X 27t 

= 153*8 per sec. 
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- 4. A particle moves with s.h.m. ; if its velocities at dis- 
tances of 4 and 6 ft. from the centre of its path are 3 and 
1 ft./sec. respectively, find the periodic time and amplitude 
of the motion, and the acceleration in the extreme positions. 

Ans. t = 9-931 sec. 
r = 6-204 ft. 

/ = 2-481 ft./sec. 2 

5. A connecting-rod (Fig. 28) of weight W and radius of 
gyration k about its c.g. oscillates about an axis through its 
gudgeon-pin centre. Find the time of a 
small oscillation if the distance from the 
axis of suspension to the c.g. is h. 

Solution. Taking moments about the 
centre of suspension we have by the prin- 
ciples of Section 3, 

Couple = Moment of inertia X 

Angular acceleration. 

Hence, if the positive direction of 0, the 
angular displacement, is as shown in 

Fig. 28, 

I 0 x d = - Wh . spi 0 
or (W /g){k 2 + h 2 ) 0 = - WA . sin 0. 

Now for very small displacements we may put sin 0 = 0 

[(*• + h*)lg]d = -hd 
or 0 -| j- gh/(k 2 + A 2 * ) . 0 = 0. 



This is the equation of motion of the rod and represents a 
simple harmonic angular motion. 

The time of a complete small oscillation is 


t—2ir i ^ 8 Pl acement 

J acceleration 




k* ± h 2 

gh 


6. A weight of 20 lb. attached to the free end of a 

horizontal cantilever, of length 12 in., performs small 

vertical oscillations. Neglecting the weight of the canti- 
lever, find the frequency of the oscillations. Take Young’s 
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modulus for cantilever material = 30 X 10® lb. /in. 2 and 
the uniform section of the cantilever to be 1 in. wide by 
fV in. deep. 

Ans. Frequency = 3-744 per sec. 

7. A uniform circular plate of radius R performs small 
free oscillations about a horizontal axis through a point on 
its circumference. Show that the periodic time is given by 

t = 27r V / (3R/2 9 f). 

8. A homogeneous cone of base radius R and height h 
oscillates in a vertical place about a horizontal axis through 
its apex. Prove that the time of a small oscillation is given 

by 

t = 2t rV[(R 2 + ±h 2 )/5gh]. 

9. The diagram (Fig. 29) shows the mechanism of a 
sleeve valve. If the crank makes 1 200 r.p.m., find the 



vertical and angular velocities of the sleeve when the crank 
is in a position making an angle of 45° with the top dead 
centre position. 

Ans. 7-4 ft. /sec. 

47-6 radn./sec. 

10. A homogeneous hemisphere of radius a performs 
small free oscillations on a perfectly rough horizontal plane. 
Find the period of a complete oscillation. 

5 — (T.6o) 
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Solution. G (Fig. 30) is the centre of gravity of the 
hemisphere, and O, the point of contact, is evidently the 

instantaneous centre of rotation. 

Let CO — c and weight of 
hemisphere = W. Taking mo- 
ments about O , the instan- 
taneous centre, 

(W jg)(k* + G0 2 ){d 2 6/dt 2 ) 

= — Wc sin 6 

This is the exact equation of 
motion for any displacement 6. 
For very small oscillations we 
may take the mean or undisturbed position of the instan- 
taneous centre, i.e. GO = GA — (a — c) and also sin 6 = 6. 
The equation of motion therefore becomes, 

[k 2 + (a — c) 2 ]{d 2 6ldt 2 ) = — gc . 6 

d2Q qq 

01 *5 + c) - 8 ■ e = which represents a 

s.h.m. Hence the period of a small oscillation is, 

, k 2 -f (a — c) 2 



t = 


gc 


Here 


k = radius of gyration about G. 
Now from previous Problems (Section 2), 
k 2 A- c 2 = 2 a 2 /5, and c = 3a/8 
k 2 + (a - c) 2 = 2 a 2 /5 + a 2 - 2a x 3a/8 
= 13a 2 /20 

13a 2 /20 . 126a 


t = 2 tt 


l 


g x 3a/8 


-ys 


sec. 


11. A homogeneous cylinder of radius a makes small 
oscillations inside a rough fixed cylinder of internal radius 
R. Find the time of a small oscillation. 

Ans. t = 2it\/(3R/2j 7) see. 

12. If the plane in Problem 10 were perfectly smooth, 
show that the period of oscillation would be 2TT^{\6aj\6g). 
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( Hint : The motion of G must now be vertical and that of 
0 is horizontal. We therefore take moments about N in 
this case since it lies on the instantaneous axis.) 

13. A horizontal shaft of length l and diameter d sup- 
ported in bearings is fixed rigidly at one end and carries 
at the other a heavy fly-wheel of weight W. If t is the time 
of a small torsional oscillation of the fly-wheel show that, 
neglecting the weight of the shaft, the radius of gyra- 
tion of the fly-wheel is given by k 2 — gGdH'GVIHnWl, 
where C is the modulus of rigidity of the material of the 
shaft. 

Solution. Suppose the free end to have twisted through 
a small angle 6 due to some impulse. Then the theory of 
torsion of circular shafts gives, 

T/I = GO /l where T — applied torque 

I = second moment of shaft about axis 
C = modulus of rigidity. 

Restoring couple = T = C10/1 
= Gird^rm. 


Taking moments about the axis at the free end, 


or 


g ' k ' dt*~ 1' 32 • 

d*6 g C t rd_ 4 
dt 2 + Wife 2 ' / ' 32 


which represents a simple harmonic motion. 


or 


t = 27T 


J 


Wk 2 , l . 32 
gCnd* 


4tt 2 . 32WF . l 

gCrrd* 


i.e. 


_gCd i .t* 

~ 1287rWr 
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14. A body of weight 805 lb. has a simple harmonic 
motion under the action of a force of 31*25 lb. per ft. dis- 
placement. Find the period of a vibration. If the body be 
retarded by a frictional force proportional to the speed and 
equal to 3*75 lb. per ft. /sec., find the new period. 

(JF.S.S.) 

Ans. 1*77 sec. 

1*82 sec. 

15. A plumb-line, consisting of a small mass suspended 
from a string of length l, is attached to the roof of a railway 
carriage. With the carriage travelling along a straight 
track at a uniform speed v, the plumb-line is vertical and 
stationary relative to the carriage. 

If the carriage suddenly enters a curve of radius r, show 
that the plumb-line will start to oscillate, the deflection 
from the vertical being given by 

6> = (v 2 /gr){ 1 - cos [t . ^{g/l ) ]} 

( Mech . Sc. Tripos Cam.) 

16. In order to find the moment of inertia of an accurately 
balanced turbine disc of mass M, keyed to a shaft of radius 
r ft., the disc is placed with the shaft horizontal and resting 
on level surfaces on either side, and a small mass m is fixed 
to the wheel at a distance h ft. from the axis of the shaft. 
If T sec. is the time of a complete small oscillation, prove 
that the moment of inertia of the wheel is given by 

I = m[ghT 2 l47T 2 -{h- r) 2 ] - Mr 2 . 

(L.U.A.) 



5. GEOMETRICAL PROPERTIES— VELOCITY, 
ACCELERATION AND EQUILIBRIUM OF 
MECHANISMS 

1. In the four bar mechanism (Fig. 31) find the limiting 
positions of B and the corresponding angular positions of 
EA for one revolution of this latter. What position of EA 
corresponds to the mid-point of the path of 15? 



Solution. An examination of the mechanism will show 
that the limiting positions of B occur when E, A and B 
lie in a straight line. It follows that B x is determined by 

B X DE of the triangle EB X D. By the cosine rule, 

{B x Df + (DEf - (B X E) 2 


cos B X DE — 


2 (B X D){DE) 
(l-25) 2 + (4) 2 -(5) 2 


0-7438 


2 x 1-25x4 

b 3 e = 137-8°. 

1 

The corresponding position of A is determined by DEB X . 
This may be found by the sine rule, thus, 

B X E B X D 


sin B X DE sin DEB X 

. 1-25 x 0-67 

sm DEB X = 


0-1675 


DEB X = 9-6°. 


rn 



60 EXAMPLES IN THEORY OF MACHINES PROBLEMS 

The other limiting position, namely B 2 , is found in a similar 
manner, and hence the mid-point of the path of B may be 
determined and the corresponding position of A follows 
immediately. 

2. In the mechanism shown in Fig. 32, the ends A and B 
of the link AB are constrained to move in the slots OY 


Y 



and OX, which are fixed at right angles. Show that the path 
traced by the point P is an ellipse of which AP and BP 
are the semi-major and semi-minor axes respectively. 

Solution. Taking OX and OF as the co-ordinate axes, 
and x and y as the abscissa and ordinate of the point P 
in the position shown, 

Let AP — a, and BP = b. 

We have from the geometry of the mechanism, 

x = a cos 6, y — b sin 6 
x/a — cos 6, y/b = sin 6. 

Squaring and adding we get, 

x 2 /a 2 -f- y 2 /b 2 = (sin 2 6 -f cos 2 6) = 1. 
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Hence the path traced by the point P as 0 changes is given 
by the equation, 

x 2 ja 2 j- y' l jb 2 = 1. 

Now this equation represents an ellipse having prin- 
cipal axes OX and OY and semi-major and semi-minor 
axes a and 6 respectively. This mechanism is known as the 
elliptic trammel , and any point P on the link AB describes 
an ellipse. When P is in the middle of AB the ellipse is the 
circle of radius \AB. 

3. If the slider B of the previous question moves along 
OX towards 0 with a velocity of 20 ft. /sec., what is the 
velocity of the point P, and the velocity of the point A for 
the position shown? Take AB to represent 3 ft. 3 in. to 
scale. 

Solution. Two simple methods are available — 

(i) Making use of the known properties of the instan- 
taneous centre. 

(ii) Drawing the velocity diagram for the mechanism. 

Both methods are given below. 

(i) Erect the perpendiculars I A and IB to OX and OY 
respectively. Then I is the instantaneous centre of rotation 
of the link AB. Hence, by the known properties of the 
instantaneous centre. 

I A/ IB = VJV B and I PI IB = V P \V B 

and the velocity of any point on the link ^4-B is normal in 
direction to the line joining that point to I. 

For the position shown, 

IA = 2-3 ft., IB = 2-3 ft., IP = 1-7 ft., and V B = 
20 ft. /sec. 

Therefore, 

V A = W x Vj> = H x 20 = 20 ft /sec ' along 0Y 
IP 1-7 

V, = X V B - ~ X 20 = 14-8 ft./sec. (as in- 
dicated in Fig. 32). 
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(ii) Select a suitable scale of velocity (as large as pos- 
sible), and taking any point e, draw eb (Fig. 33) in the direc- 
tion of the motion of B, to represent 20 ft. /sec. Draw a line 

through e parallel to OF and 



through b draw a line at right 
angles to the link AB to cut 
the line parallel to OF in a. 
Divide ba in p so that 
bpjap = BPjAP. 

Draw ep. 

Since eb — velocity of B in 
magnitude and direction, then 
ea — velocity of A in magni- 
tude and direction and ep — 


Fig. 33 velocity of P in magnitude and 

direction. 


Note also that ba represents the velocity of A relative to 
B, and hence the angular velocity of the link AB is bafAB 
radn./sec. 

Scaling off the required velocities we get 


V A — ea = 20 ft. /sec. 


V P — ep— 14-8 ft. /sec. in directions shown'. 



Fig. 34 


4. The diagram (Fig. 34) shows a crank and slotted lever 
quick-return motion. If the time of cutting is 3 sec., what is 
the time of return and the uniform speed of the crank OA ? 
OA — 6 in. ; OP — 12 in. ; PB = 24 in. ; BC — 25-5 in. 
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Solution. 

Time of cutting _ (360 — 26) 
Time of return 26 


Now cos 6 = OQ/OP - 6/12 - 0-5 6 = 60°. 

Hence 

Time of return = y)) X 3 sec ‘ 

120 x 3 

= (800= 120) 8= 1,6 8ec * 

It follows that the crank OA makes one complete revolu- 
tion in (3 -f 1-5) = 4-5 sec. 

Speed of crank OA — 60/4-5 — 13J r.p.m. 

u ''5. Find the velocity of the slider C and the angular 
velocity of the link BO in the previous example, when the 
crank OA is in the position shown in Fig. 34. 

Solution. The velocity diagram method will be used to 
illustrate the most general way of solving such problems. 


Angular velocity of crank OA 


2ttN _ 2-77 X 40 
60 ~ 60 x 3 


4n 


radn./sec. 


.'. Velocity of point A on crank OA — (4-7t/9) x OA 
= (4tt/9) X \ = 0-7 ft. /sec. 

This velocity is directed tangentially to the circle AQ in 
an anti-clockwise sense. 

Select a scale of velocity (as large as possible). 

(i) Draw ea (Fig. 35) at right angles to OA = velocity of 
A, 0-7 ft./sec. The point e is called the earth point and ea 
is actually the velocity of A relative to the earth. 

(ii) Through e draw a line normal to PB, of indefinite 
length. 

(iii) Through a draw a line parallel to PB, cutting (ii) 
in %. Then eoj = velocity of point on PB which coincides 
with A. And a^a — velocity of slider along PB. 
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(iv) Produce ea x to b, so that eajeb — PA/PB. Then 
eb — velocity of point B. 

(v) Through e draw a line parallel to line of action of 
slider at C. 

(vi) Through b draw a line normal to link BC cutting 
(v) in c. 

Then since be represents the velocity of C relative to B, 
ec gives the velocity of the slider at C. 



Velocity of slider at C = ec in direction e to c 

— 0-83 ft. /sec. 

Angular velocity of link BC 

__ Velocity of C relative to B 
Length of CB 

= bc/BC = (0-215/25-5) X 12 
^ = 0-1 radn./sec. 

6. What is the acceleration of the slider C and that of the 
slider at A along PB, in Problem 4, for the given position ? 

Solution. A graphical method is again utilized and is 
recommended for future problems. It should be notetl that 
in general the acceleration of a point in a link is made up of 
two components considered relative to the centre of rotation 
of the link — 

(a) A radial acceleration directed along the link of mag- 
nitude (oh , where to is the angular velocity of the link and 
r is the distance of the point from the centre of rotation of 
the link. 
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(b) An acceleration normal to the link which is usually 
unknown but has the form cor, where io is the angular 
acceleration of the link. 

Tabulating the known radial accelerations of the various 
links we make use of the velocity diagram of Problem 5. 

co for OA = 1-4 radn./sec. co 2 . OA . — 0-97 ft. /sec. 2 

co for PB — 0-437 radn./sec. co 2 . PB . — 0-386 ft./sec. 2 

co for BC = 0-10 radn./sec <o 2 . BC . = 0-021 ft./sec. 2 

e 


a, 

b, 


Fig. 36 

Selecting any earth point e, as in the velocity diagram, 
we proceed as follows (Fig. 36). 

(i) Draw ea in the direction AO to represent the radial 
acceleration of A. Since OA has a uniform angular velocity 
A has no acceleration normal to OA. 

(ii) Draw e& 1 in the direction BP = radial acceleration 
of B, and erect a line perpendicular to eb x at b v 

(iii) Divide at o x so that eaje^ = PA/PB, and erect 
a perpendicular to ea x at a v 

(iv) Draw aa n parallel to BP. 

(v) Join eau and produce to cut normal at 6 X in b. Then 
a i a n = acceleration of point A on PB, normal to PB. 
b t b — acceleration of point B on PB, normal to PB. 

= acceleration of slider at A along PB. 
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(vi) T)raw bc t — radial acceleration of G relative to B 
and erect a perpendicular to bc t at c v 

(vii) Draw a line through e parallel to the line of action 
of C to cut normal at c v in c. 

Then, 


c-yC — acceleration of C normal to BG and relative to B. 
ec = acceleration of slider 0 along its line of action. 


Scaling off the required accelerations from the diagram, 

Acceleration of slider C = 0-725 ft./sec. 2 in 

direction e to c. 

Acceleration of slider A along PB = 0-575 ft./sec. 2 

in direction a n to a. 

Since the slider at A is actually moving towards B this 
means a retardation in this latter direction. 

7. If a force of 100 lb. acts at A at right angles to OA, 
and in an anti-clockwise sense, what force at C along the line 
of action of C will keep the mechanism of Problem 4 at rest ? 

Solution. The force at A must be resolved into two 
components which must pass through P and B respectively. 
Obviously this could be done in an infinite number of ways, 
but for our purpose the most convenient way is to select 
the component through B so that it acts along BG. 



Thus, as in Fig. 37, produce the direction of the force 
at A to cut BG in K, and join K to P. Then BK and PK are 
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the directions of the components through B and P respec- 
tively. Resolving the force at A in these directions by a 
triangle of forces, we find a force of 65 lb. acting along BC. 

For equilibrium this must be balanced by a force along 
the line of action of C, together with a force perpendicular 
to this direction, both acting at C. 

Drawing a triangle of forces for this point we obtain the 
required force. 

Force at C, in line of action of C - . 64-5 lb. 

8. The diagram (Fig. 38) illustrates the mechanism of a 
radial engine. The piston A 0 is operated by the master 



Fig. 38 


connecting-rod BA 0 and A x is operated by the articulated 
connecting-rod DA X hinged to the “big -end ” of the master 
rod. 

If the crank GB is held fixed and the piston A t is sub- 
jected to a thrust P as shown, show that the force R acting 
on A 0 transversely to CB necessary to maintain equilibrium 
in the master connecting-rod is given by 

R = P . (c/Z)( tan </> 0 -f- tan 

where l — A^B, c = BD and <f> 0 , are the obliquities of the 
connecting-rods. ( Mech . Sc. Tripos Cam.) 

9. Two equal links, AB and BC, 5 in. long are hinged 
together at B. The end A is pivoted to a fixed frame that 
carries also bearings for a crankshaft. The axis 0 of this 
shaft is 3 in. from A, and the end C of the seoond link is 
pivoted on the crank at radius OC — 1 in. Find the length 
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of the arc traversed by B and, also, its speed when equi- 
distant from the two ends of this arc. The crankshaft 
rotates at 120 r.p.m. [I.M.E.) 

Ans. 3-559 in. 

1-44 ft. /sec. or 2-62 ft. /sec. 

10. A plane linkwork ABODE comprises five members, 

including the horizontal base AE. The connexion C lies 
above B and D, which lie above the base. The lengths of 
the members are as follow: AE = 8 in.; AB = 4 in.; 
BO — 4 in. ; OD — 3 in. ; DE = 5 in. Draw the con- 
figuration when B and D are equally distant from the base 
AE, and 6 in. apart from one another. If C is moving 
horizontally at 12 in./sec., find the rate at which the distance 
BD is changing. [I.M.E.) 

Ans. 2-17 ft. /sec. 

11. Fig. 39 shows Peaucellier’s linkwork. Prove that 
when P describes a circle about B as centre, Q also describes 
a circle. Find the position of this circle and its radius. 

M 



12. Taking the lengths of the links in Problem 11 to be, 
a — 12 in. ; b = 4 in. ; c = 4 in. ; d = 6 in. ; draw velocity 
and acceleration diagrams for the position shown when the 
crank PB is rotating with a uniform speed of 200 r.p.m. 
Hence find the velocity and acceleration of the point Q. 

Ans. 10*4 ft./sec. ; 103 ft./sec. 2 
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13. If a torque of 30 lb. ft. is applied to the crank PB of 
Fig. 39, find the horizontal force at M which will keep the 
mechanism in equilibrium. 

Ans. 223 lb. 

14. In the mechanism shown in Fig. 40, A is constrained 
to slide along XX while EB swings about E. Find the 


Y 



relation which must exist between the lengths AB, BC and 
EB, so that C will move along a straight line YY, normal 
to XX, for a small angular displacement of AB on each side 
of XX. 


Ans. EB — 


AB* 

BC’ 


15. Fig. 41 shows diagrammatically the Andreau dif- 
ferential stroke engine. The two cranks are geared together 
with a velocity ratio of 2 : 1. Adopting a scale of CD =1*5 
ft. for the diagram, draw the velocity and acceleration 
diagrams for the mechanism and hence determine the 
velocity and acceleration of the connecting-rod “big-end.” 

Ans. Velocity = 0*188co. 

Acceleration = 0-328co 2 where to — an- 
gular velocity of smaller crank. 
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16. What torque acting on the low speed crank in Prob- 
lem 15 will keep the mechanism at rest when a force of 
250 lb. acts on the piston along the line of stroke? 

Ans. 32-5 lb. ft. 

17. Find the path traced by the point C of the mechanism 
shown in Fig. 42, and indicate its axes of symmetry. 

18. If the crank ED of Fig. 42 has a uniform angular 
velocity of 10 radn./sec. in the given position, find the 
velocity of the slider A and the angular velocity of the 
element ABC. 

Take AB — 1 ft. in the diagram. 

{Hint : Assume any velocity for B and, using this value, 
draw the velocity diagram. The known velocity of D may 
then be used to correct the scale of this diagram.) 

Ans. Velocity of A — 6-5 ft./sec. 

Angular velocity of ABC — 9-43 radn./sec. 

19. What force acting vertically at D, in Fig. 42, will 
keep the mechanism at rest when a force of 200 lb. acts at B 
along its line of action ? 

Ans. 520 lb. 



Fig. 43 


20. Given that the angular velocity and angular accelera- 
tion of the link E X C (Fig. 43) are 20 radn./sec. and 2*5 
radn./sec. 2 respectively for the given position, draw velocity 

6— (T.6o) 
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* and acceleration diagrams for the mechanism. Take scale 
of figure 1 in. = 1 ft. 

21. Two shafts are coupled together by a Hooke’s joint, 
the driving shaft rotating uniformly at 600 r.p.m. Find the 
greatest permissible angle between the centre-lines of the 
shafts, if the maximum speed of the follower shaft is 630 
r.p.m. Prove your reasoning. What is then the minimum 

speed of this shaft? State 
the conditions under which 
two shafts connected by 
a double Hooke’s joint 
have the same angular 
velocities. ( L.U.A .) 

Solution. Let a (Fig. 
44) be the angle between the axes of the two shafts. Then if 

to = angular velocity of shaft B 

and 

oo 1 = angular velocity of shaft A 
it may be shown (the proof is left to the student) that 
(o/to L = (1 — sin 2 a . cos 2 Q)f cob a 

where 0 is the angle turned through by the shaft A from the 
position shown. 

to is a maximum when 0 = 7 r /2 and a minimum when 

0 = 0 . 

630/600 = (1 — sin 2 a X 0)/cos a = 1/cos a 
cos a = 0-9526 

and a = 17-7° is the required angle between the shafts. 
The minimum speed of the follower is obtained when 0 = 0. 

to (min.) = 600 (1 — sin 2 a)/cos a 

= 600 cos a = 6d0 x 0-9526 
= 571-56 r.p.m. 

22. A modification of Oldham’s coupling is shown dia- 
grammatically in Fig. 45. A and B are two parallel shafts, 
arranged with their axes at distance a apart and carrying 
perpendicular rods AC and BD respectively. A connecting- 
rod EF, of length 2a, slides with its end E on AC and its 



Fig. 44 
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end F on BD, the angle AEF being fixed at a. The slides 
are such that AC and BD are always perpendicular to one 
another. P is the mid-point of EF. Show that, when AC 



has turned through an angle 6 as shown, the velocity of P 
in the direction AB is 

aco|sin 26 + cos (6 a)] 

where <o is the angular velocity of the shafts. 

(Mech. Sc. Tripos Cam.) 

Solution. When AC was vertical the horizontal dis- 
tance of P from A was x 2 — a sin a. 

In the position shown the horizontal distance of P from 
A is 

x 1 — AE sin 6 -f EP sin (a. — Q) 

— (2a cos a + a sin 6) sin 6 + a sin (a — 6) 

— a(2 cos a sin 0 + sin 2 6 + sin a cos 6 — cos a sin 6). 

Hence the horizontal displacement of P for angular dis- 
placement 6 is 

x = (x x — 3,) 

= a( 2 cos a sin 6 + sin 2 6 -f- sin a cos 6 — cos a sin 6 — sin a). 
The horizontal velocity of P is given by dxjdt. 

dx/dt = a(2 cos a cos 6 + 2 sin 6 cos 6 — sin a sin 6 

— cos a cos 6) dOfdt. 

— a(dOldt )[ sin 26 + cos (6 + a)] 

= a . <w[sin 26 + cos(0 + a)], since (dOJdt) = co. 



74 EXAMPLES IN THEORY OF MACHINES PROBLEMS 


23. The diagram (Fig. 46) shows a transverse section 
through the rotating parts of a pump designed for dealing 
with viscous fluids. 

PPP are three pistons fixed by rigid rods to a boss B 
which is keyed to a driving shaft. 

CCC are rectangular blocks bored to receive the pistons. 
The ring R is bolted to two end discs and the blocks CCC 



are in sliding contact with these 
discs so that they can move 
freely to and fro in the cavity 
formed between the ring and 
R the two discs, in a direction 
at right angles to the axes of 
the respective pistons. The 
discs are carried in bearings 
with axes parallel to the axis 
of the shaft, but eccentric to 
it. (The diagram is drawn 
with the axis of the shaft 


Fig. 46 above that of the disc bear- 


ings.) The casing of the pump 
is not shown. When power is put into the shaft the ring and 
discs are driven by the pistons through the medium of the 
blocks CCC. Given the speed of the shaft, determine the 
speed of the ring and derive expressions for the velocity and 
acceleration of the centre of gravity of one of the blocks, 
assuming that this point lies on the centre line of the 
corresponding piston. (JF.$.$.) 

24. Fig. 47 represents a right- and left-hand screw 
steering gear for operating a ship’s rudder. XT is the 
centre line of the mechanism. The axis of the rudder post 
is shown at 0 and the rudder' is moved by a rigid crosshead, 
the arms of which are shown as OA and OB. Connecting- 
rods AC and BD connect the crosshead with two sliders 


which move along guide-rods parallel to XY, being pro- 
pelled by the right- and left-hand screw S which engages 
with nuts N x and N z integral with the two sliders, respec- 
tively. According to the direction in which the screw is 
turned the nuts are drawn together or forced apart, but a 
small endwise motion of the screw is also entailed. 
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Draw, with sufficient accuracy to indicate its general 
character, a curve showing the ratio between the linear 
velocity of the slider C and that of the crank-pin A, for 



values of the angle A OX ranging from 45° to 135°. Take 
OA — OB = 18 in., AC — BD — 40 in., and distance E — 
12 in. 

From the form of this curve deduce that a considerable 
shift of the screw must be allowed for as the crosshead turns, 
if the angle AOB is 180°, but that, by slightly reducing this 
angle in the direction indicated in the figure, the amount 
of this shift may be greatly reduced. ( JF./S'./S'.) 



25. Fig. 48 shows a mechanism known as Cote’s propor- 
tional compasses. The links are all freely jointed and the 
eight sides of the parallelograms EHJK and ENML are 
equal. The points A and B are constrained to move along 
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OY and OX respectively, and the point 0 is moved over a 
given outline. Show that the point D will describe a second 
figure, resembling the first, in which the corresponding 
abscissae will be a times greater and the corresponding 
ordinates b times greater than those of the first figure, pro- 
vided the bars FI) and GA are clamped so that 

EF/EB = (b - . 1) and EG I EC = (b - a)/ (a - 1) 

26. A coplanar straight-line mechanism has two links 
AQ and PQ, equal in length, PQ being the fixed link of the 
mechanism. Another point B of the mechanism is con- 
strained to move in such a way that the points A , P and B 
are always collinear and the product AP . PB = constant. 
Show that B describes a straight line perpendicular to PQ. 

(Mech. Sc. Tripos Cam.) 



27. In the mechanism shown in Fig. 49, if the links 
ACD, BEF, and PCF are continuous, PQ = AQ ; DE = 
FC ; CD = EF ; EB = AC and PCjCF = AC/CD ; show 
that the point B describes a straight line perpendicular to 
PQ. (Mech. Sc. Tripos Cam.) 



6. FRICTION IN MACHINES— LUBRICATION 

1. A sledge whose weight is 30 lb., is pulled up a slope 
of 1 in 8 (sin -1 |) by a rope which is inclined at an angle of 
20° upwards to the surface of the slope. The coefficient 
of friction between the 
sledge and the slope is 
0’05. Find the pull on 
the rope if the motion is 
uniform. (TF.$.) 

Solution. For uniform 
motion the three forces 
W, P, and R (Fig. 50) 
must be in equilibrium. 

If the motion is up the 
plane, the reaction R will 
make an angle <f> with the normal to the plane ON, and to 
the left as shown. 



or 


Coefficient of friction = tan <f> — 0-05. 

By Lami’s theorem we have, 

P/sin [180° - (0 + <f>)] = W/sin [90° + {<f> — 20°)] 

__ sin ( 0 + <f>) w 
~ cos (<f>- 20°) ‘ 

__ (sin d cos (f> + cos d sin 0) . .. 

(cos (f> cos 20° + sin <f> sin 20°) ' 

sin 6 — | cos 6 — (\/63)/8 

tan (f> — 1/20 sin </> = l/-\/401 and cos <f> — 20/\/401 

sin 20° = 0-342 ; cos 20° = 0-9397. 

1 


P = 


1 20 V 6 3 

8 X V401 + 8 X y/401 


20 

V401 


X 0-9397 + 


1 


X 30 = 5-47 lb. 


V401 
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X 0-342 
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2. For a square-threaded screw-jack with helical threads 
show that the maximum mechanical efficiency is given by 
(1 — sin (f))H 1 + sin (f> ) where <f> is the angle of friction, and 
that this occurs when the angle of the helix is (7r/4 — (/>/ 2) 
to the horizontal. 

Solution. The motion of a nut on a screw is analogous 

to motion on an inclined 
plane, the inclination of 
which is the angle of 
the helix. In the analogy 
(Fig. 51) the force P to 
produce uniform motion 
acts horizontally at the 
end of an arm of length 
l. Let the mean radius 

of the screw and nut 
Fro. 51 be r> 



Then by the method of Problem 1 . 

P = Sm + H . W - W . tan ( d + <f>) at radius r. 
cos (0 + 0) 

The mechanical efficiency is given by 

_ Mechanical advantage 
^ Velocity ratio 

Mechanical advantage = W/P' where P' corresponds to a 
radius l. 

Now F = P r/l = W . tan (0 + 0) . (r/l) 

Mechanical advantage = Ijr tan (6 -f- <f>). 

T7 , ,. Distance moved by P' . , 

Velocity ratio = -p— , , TTT in same time interval. 

Distance moved by W 


Hence rj 


— 27r//( pitch of screw) = 2^1/2^ tan 6 
= II r tan 6. 

__ Ijr tan (6 + <f>) _ tan 6 

l/r tan 6 tan (6 + <f>)’ 
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the resultant horizontal force each exerts on the drum is P. 
If the wear in the shoes at any point is proportional to the 
normal pressure at that point, show that after the shoes 



l 1 to. 57 


have become “worn-in” the resistance to motion they 
provide is a couple of magnitude 

[8 sin a/(2a + sin 2a) j . P rp 
where /u is the coefficient of friction. 

(Mech. Sc. Tripos Cam.) 

16. The diagram (Fig. 58) shows a form of steering gear 
known as Rapson’s slide. Taking the angle of friction 



between the two sliding pieces and their guides to be 5°, find 
the pull which must be applied to the chain to move the 
tiller to the left for the position shown. The couple to be 
overcome is 50 ton ft. Neglect friction at turning pairs. 

A ns. 6-86 tons. 
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17. Particulars of a friction hoist which is designed to 
raise a load of | ton are given in Fig. 59. 

The friction wheel A is fixed to and concentric with a 
winding barrel B, and both are free to move on a shaft, tho 
ends of which arc “turned down” eccentrically with the 
main axis and are supported in fixed bearings. A lever with 
a weight W is keyed to one of the reduced ends of the shaft ; 
raising this lever by means of a rope R liberates the wheel 



A from the brake-block C and forces it against the driving 
pinion D. Calculate the weight W which is just sufficient 
to sustain the | ton load, also the pull on the rope which is 
just sufficient to raise the \ ton load at an acceleration of 
1 ft. /sec. 2 The lever weighs 20 lb. and its c.g. is 21 in. from 
the centre of the reduced end of the shaft. The moment of 
inertia of the wheel A and the winding barrel is 1 000 lb. 
ft. 2 units. The coefficient of friction between the wheel A 
and the pinion D is 0-18, and between the wheel A and the 
brake-block is 0-33. ( L.U.A .) 

Ans. (i) 20-3 lb. 
(ii) 70-36 lb. 

18. Distinguish between boundary and film lubrication. 
Discuss carefully the conditions under which lubrication 
takes place between a journal and its bearing. Indicate the 
distribution of pressure, and the position of the resultant 
pressure, between the surfaces. Describe how the principles 
involved are applied in the Michell type of thrust bearing. 

(L.U.) 
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18. A band-brake arrangement for a winch is shown in 
Fig. 62. Find the turning moment on the drum which can 



be resisted by a force of 200 lb. applied vertically to the 
brake pedal. ' p = 010. ^ , b ft 

19. (live an account of the sources of loss which may occur 
in a simple belt drive between similar pulleys on parallel 
shafts and show that some give rise to a loss of torque and 
some to a loss of speed. Distinguish between slip and creep, 
and trace the history of a short section of the belt as it 
travels from a point somewhere on the slack side round the 
driven pulley to a point on the tight side. ( IF.aS'.iS'.) 



20. A recent device for testing belts includes a mechanism 
represented in Fig. 63. It comprises an accurately con- 
structed and free jointed parallelogram abed, with one long 
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side (the upper one) fixed. Equal pulleys are mounted on 
ball bearings at the centres of the short sides; their axes 
are parallel and the belt to be examined is stretched 
between them. Power is transmitted to or away from these 
pulleys by the chains, and sprocket wheels shown dotted. 

Given an accurately constructed and frictionless mechan- 
ism of this type, show how it could be used to determine 
(a) the loss in torque, and (6) the total loss in power in the 
belt drive. Indicate how the results obtained might be 
influenced by the friction in an actual testing machine of 
this type. (1F.$.$.) 

21. Write a short note on the advantages or disadvan- 
tages of (a) the bush roller chain and (6) the silent chain, 
as compared with belt drives for the transmission of power. 
Why is the silent type of chain superior in many respects to 
the bush roller type ? 

22. Two shafts distance c apart are connected by a chain 
drive, the chain wheels having N and n teeth respectively. 
{Show that the chain length measured in pitches is 

L = 2c + i(N + n) + (1/C)[(N - w)/2tt] 2 . 

23. Discuss whether a chain drive gives a uniform angular 
velocity ratio between two shafts and explain how a varia- 
tion may arise. What are the chief causes of loss of efficiency 
in chain drives ? 

24. What shape should the teeth of a chain wheel be for 
(a) a roller chain, (b) a silent type chain? Given chains of 
these types, show how you would design suitable chain 
wheels. 



8. TOOTHED GEARING— EPICYCLIC GEARS— CAMS 

v 1 . A pinion of 12 in. pitch-circle diameter is cut with 
involute teeth of 2 d.p. and 25° angle of obliquity. Draw 
the profile of one of the teeth. If the addendum height is 
0-5 in. in this pinion and in the 48 in. wheel with which it 
meshes, find the angle that the pinion turns through while 
any one pair of teeth continue to maintain contact. 

(l.M.E.) 

Solution. The setting out of the tooth profile is left 
as an exercise for the student. Let P (Fig. 64) be the pitch 



Fig. 64 


point. Draw CD at 25° to the common normal at P. Then 
the path of contact is along CD. 

With centre 0 and radius 6-5 in. draw an arc cutting CD 
in M. With centre O x and radius 24-5 in. draw a second arc 

97 
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cutting CD in N. Then MN is the path of contact for any 
one pair of teeth and the pinion turns through an angle 
MON while one pair remain in contact. 

Considering the triangles OMP, OPN, and O x PN we 
have. OP ■— 6 in. ; 0 X P = 24 in. ; Z MPO = 115° = 
Z O x PN ; OM = 6-5 in. ; 0 X N - 24-5 in. ; Z OMP = Q ; 
Z O x NP — (f). Using the sine and cosine rules, 

(i) OM/ sin 115° = OP / sin 0 

sin d = 6 x 0-9063/6-5, and 6 = 56-8° 
a = [180° - (115° + 56-8°)] - 8-2°. 

(ii) O x N / sin 115° = O x P/ sin cf> 

sin </> = 24 x 0-9063/24-5, and <f> = 62-6° 
y - [180'' - (115° + 62-6°)] = 2-4°. 

(iii) ON* 00,2 + O x N* - 2(00 1 )(0 1 N)cos y 

ON 2 = (30) 2 + (24-5)2 _ 2(30 x 24-5) 

X 0-9991 

ON = 5-619 in. 

(iv) OiV/sin 2-4° = O x N / sin ft 

sin 0 = 24-5 x 0-0419/5-619, and fi = 10-5°. 
The required angle A/W — a ft = 8-2° + 10-5° = 18-7° 

v 2. A gear-wheel with 40 involute teeth drives another 
with 20 teeth. The teeth are as long as possible and the 

angle of obliquity is 16°. 
Find the greatest sliding 
velocity between a pair 
of teeth when the linear 
velocity of the pitch lines 
is 10 ft./sec. ( I.C.E. ) 

Solution. Let P (Fig. 
65) be the pitch point and 
CD the path of contact. 

To avoid interference 
and undercutting of the 
flanks of the teeth on the 
wheels the height of the 
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teeth on the larger base circle should not exceed the radial 
distance EC, since contact should not* take place outside 
CD. Hence the maximum distance from the pitch point P, 
to a point of contact is PD = r x sin 16° where r x is the 
pitch circle radius of the larger wheel. 

The velocity of sliding at any point of contact is given by 
v — (&>! ~f oj 2 ) X distance from P to point of contact, 
where ft^ and a> 2 are the angular velocities of the respective 
wheels. 

Vmax = (Oh + w 2 )PD ^ + (o 2 )r x sin 16°. 

If V is the linear velocity of the pitch line. 

oh = V/rj; o> 2 = V/r 2 

and hence 

Vmax = V(l/r x + l/r 2 ) . r, sin 16° 

= V(1 -f rjr t ) sin 16°. 

Now rjr 2 — gear ratio — 40/20 = 2, and 

V — 10 ft./sec. 
v max = 10(1 + 2) X 0-2756 
— 8-268 ft./sec. 

w 3. Given the arcs of approach and recess for a pair of 
involute toothed wheels which mesh with one another 
show how the addendum 
circles may be obtained. 

Geometrical Solution. 

If D (Fig. 66) is the point 
at which contact com- 
mences, the arc of approach 
is equal to either of the arcs 
PM or PL. M and L are 
the points at which the 
tooth profiles cut the pitch 
circles. Profile DM is the 
involute to the base circle 
A and if CM is a tangent 
to this circle we have 

arc CF + CM = FD 
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Now FP = CM since both are tangents to the base circle 
and bounded by the pitch circle. 

Hence arc CF — PD. 

The triangles O x FP and O x CM are equal in all respects and so 
arc CF = arc KN = PD. 

It follows that in order to obtain the addendum circle of the 
follower when given the arc of approach, mark off PM on 
the pitch circle of the follower equal to the arc of approach. 
Join O x M to meet the base circle of the follower in N. Along 
the path of contact set PD — arc KN. The circle through 
D with Oj as centre is the required addendum circle. 

A similar construction will give the addendum circle of 
the driver when the arc of recess is given. 

4. Two gear-wheels of 4 in. and G in. pitch diameters 
have involute teeth of 8 diametral pitch and an angle of 
obliquity of 17°. The addenda are each ^ in. Determine 
(a) the length of the path of contact ; ( b ) the number of pairs 
of teeth in contact; (c) the angle turned through by the 
smaller wheel while any one pair of teeth are in contact. 

(L.U.) 

Ans. (a) 0-7042 in. 
(6) 3 pairs. 

(c) 19-4°. 

5. A pair of gear-wheels with involute teeth is to transmit 
10 h.p. with a gear ratio of 5 to 1. The driving wheel is the 
smaller. It runs at 600 r.p.m. and is to have 15 teeth. The 
arc of approach is to be equal to the circumferential pitch. 
Assuming that P = 850p 2 where P is the tangential force 
at the pitch line in lb. and p is the circumferential pitch in 
inches, find — 

(а) The distance between centres, 

(б) The diametral pitch of the teeth, and 

(c) The angle of obliquity if the line of action is as long 
as possible. ( I.C.E .) 

Ans. (a) 11-49 in. 
(6) 3-916 
(c) 22-7° 
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6. A flat frame like a door slides vertically in guides and 
is lifted by means of a pinion that meshes with a rack fitted 
centrally between the guides. The pinion has 20 involute 
teeth of 5 diametral pitch, 20° angle of obliquity, and is 
carried on a 2 in. shaft supported by a bearing, on each side. 
Assuming that the coefficient of friction on the guides and 
on the pinion bearings is 0-466 (— tan 25°), and neglecting 
friction on the pinion teeth, estimate the torque required 
in the pinion shaft to raise the frame weighing 2 cwt. 

(1M.E.) 

Ans. 644-4 lb. in. 

7. What is meant by the term pitch point as applied to 
two toothed wheels in mesh with one another? What is 
the relation between the pitch point and the direction of 
the tooth surfaces at the point of contact? 

Suppose two wheels have accurate involute teeth, but 
that one of them is mounted a little eccentrically, what 
happens to the pitch point as the wheels revolve? 

If the pitch diameters of the two wheels are 5 in. and 
20 in. respectively, the larger wheel is eccentric by 0-01 in., 
and the angle of obliquity is 22°, calculate the maximum 
and minimum deviations from the nominal velocity ratio. 
Show how you would determine the deviation for any other 
point in a revolution and indicate by a sketched curve the 
periodic manner in which the deviation varies. 

( W.S.8.) 

Ans. Max. deviation 0*1001%. 

Min. deviation — 0-0999%. 

8. A gear-wheel with involute teeth is driving a larger 
wheel, the angle of obliquity being <f>. For the driving wheel 
the radius of the base circle is R 6 , of the pitch circle R P , 
and of the addendum circle R a . Show that the arc of recess 
measured along the pitch circle is Rp (tan P — tan <f>), where 
p — cos -1 (R b /R 0 ). Show, also, that when the thickness of 
a tooth at the tip is zero ft has the value given by the 
equation, 

tan p — p — tan (f> — <f> Ar a 
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where 2olR p is the width of a tooth of the driver, measured 
at the circumference of the pitch circle. 

(Mech. Sc. Tripos Cam.) 

Solution. The arc of recess depends on the addendum of 
the driver. If O (Pig. 67) is the pitch point and AB the path 
of contact, then P, the point where the addendum circle of 



Fig. 67 


the driver cuts the line AB, is the point at which contact 
ceases. OM is then the arc of recess and it has been shown, 
in Problem 3, that the arc KL on the base circle is equal to 
the length OP. 

Let a, the arc of recess, = OM. 

Since OP — KL we have 

OP/ arc OM = CL/ CO = CA/CO = cos 0 = R b /R P 
or arc OM == a = OP / cos <£. (i) 

Considering the triangles CPA and CO A 


(. AP ) 2 = (CP) 2 - ( CA ) 2 == R a 2 - R 6 2 
AO — CO sin (f> = Rj, sin <f> 

OP — AP — AO = V(R 0 2 - R 6 2 ) - R„ sin <f> 
a == [v / (K'o 2 — *V) — Kj, sin <f>~\/coB <j> 



also 
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Now from (i) R„ cos </> = R 6 and so 

a — R P {tan ft — tan <£} where 
P = + 0) = cos _1 R 6 /R a 

— tan -1 [(l/R b )\/(Ra 2 “ Rft 2 )]' 

The second part of the problem is left to the student. 

Write a brief note on the relative advantages and dis- 
advantages of involute and cycloidal teeth for gear-wheels. 
Construct the cycloidal teeth for a pair of wheels with 5 in. 
and 12 in. pitch circle diameters 

y (a) when they gear internally, and 
( b ) when they gear externally. 

10. In the case of a pair of spur-wheels having involute 
teeth show that, during the time that two pairs of teeth are 
in contact, the efficiency of transmission is constant and 
equal to (2Rr cos 6 — /uar)/(2Rr cos 6 -j- par) assuming that 
the normal pressure between each pair is the same ; where 

r is the pitch circle radius of the driver, 

R is the pitch circle radius of the follower, 
f. i is the coefficient of friction, 
a is the distance between the points of contact, 

6 is the angle of obliquity. 

( Mech . Sc. Tripos Cam.) 

11 . A worm gear to transmit 40 h.p. with a speed reduc- 
tion from 1 000 to 100 r.p.m. would normally have a worm 
with a multiple thread. Give reasons for this, and suggest 
suitable values for the number of threads on the worm and 
the number of teeth in the wheel, in the above case. 

(W.S.S.) 

12. Explain carefully why in such a gear as that in the 
previous problem, the cross-section of a wheel-tooth made 
by the central plane of the wheel has a different profile from 
the section made by any other parallel plane. Describe 
some method of cutting the wheel. 

13. A reduction gear for a total ratio of 60 : 1 is arranged 
with a first step of 15:1 by worm-gear and a second step of 
4 : 1 by spur gearing. A double worm arrangement is used 
with similar right- and left-hand worms, triple threaded, 
4 in. diameter, f in. pitch cut on the same spindle. 

8 — (T.6o) _ 
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These are in gear with two worm-wheels of 45 teeth 
arranged, respectively, above and below the worms. Each 
worm-wheel shaft carries a pinion and these both mesh 

with the main gear- 
wheel. Assuming a 
square worm thread 
with a coefficient of 
friction 0-05, and tak- 
ing an efficiency of 
93% for the spur gears, 
calculate the torque 
acting on the main 
gear-wheel shaft when 
the worm spindle re- 
ceives 15h.p. at 900 
r.p.m. (L.U.) 

Solution (Fig. 68). The efficiency of the worm-gears is 
given by 

rj — tan 0/tan (6 + <f>) 
where 0 = thread angle of worm 

tan = coefficient of friction. 



Now tan 6 


lead 

pitch circumference 


_ pitch x number of threads 
pitch circumference 

tan 6 - (0-75 x 3)/4 tt = 0-1791 and 6 = 10-2° 
tan <f> = 0-05 cj> = 2-9° 

(0 + <f>) = 13-1° and tan (6 > + <£) = 0-2327. 
Hence the efficiency of the worm-gear is 
rj = 0-1791/0-2327 = 76-96%. 


Assuming that each worm receives 7-5 h.p., then each 
delivers 7-5 x (76-96/100) = 5-773 h.p. to the spur gears, 
and these in turn each deliver 5-773 X (93/100) = 5-37 h.p. 
to the main gear-wheel. Thus the total power received by 
this wheel is 


5-37 X 2 = 10-74 h.p. 
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The speed of the main gear-wheel is 

900/60 = 15 r.p.m. 
and we have h.p. = 2 itNT/33 000 

T = 33 000 x (h.p.)/2wN 

In this case T = torque = 33 000 X 10-74/(27r X 15) 

- 3 761-6 lb. ft. 

14. A worm reduction gear transmits 30 h.p., with speeds 
of worm and wheel at 1 600 and 40 r.p.m., respectively. 
The worm is 3£ in. diameter, 1 in. pitch, single tnreaded. 
The thrust is taken by a fiat collar bearing, mean diameter 
5 in. The coefficient of friction for worm and thrust may be 
taken as 0-05. Determine the efficiency of the gear, and show 
whether the gear is self-locking if the drive is attempted 
from the wheel side. Ans. 42-4%. 

Note. Problems on epicyclic gears generally call for 
velocity ratios between driving and 
driven elements. For solving such 
problems the tabular method is recom- 
mended and has been adopted in the 
worked examples which follow. 

^ 15. The diagram (Fig. 69) shows a 
simple epicyclic gear. The wheel A is 
stationary. What is the speed of C 
when B rotates about its own axis at 
100 r.p.m. ? The numbers of teeth on A 
and B are 120 and 45 respectively. Fig. 69 

Solution. Make out a table as below — 


Remarks 

A 

B 

G 

Remarks 

C fixed and A free 
to rotate 

-* 

1 

0 

Giving B 1 turn 

Add ^ right across 

0 

U 

* 

This fixes A 

Simplifying 

0 

33 

9 


X W right across 

0 

100 

3 0 0 
XT 

Thus giving B 
100 turns 
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Hence we see that when B rotates, at 100 r.p.m. about its 
axis, then C rotates at yy’ r.p.m. in the same direction. 
v 16. In the gear shown in the diagram (Fig. 70) the an- 
nular wheel B is fixed. What is the velocity ratio of shaft C 
to shaft A ? 

Solution. 


\ 

Remarks j A 

! 

B 

G 

Remarks 

O fixed and B free 
to rotate 

1 

- A 

0 

Giving A 1 turn 

Add jSj right across 

it 

0 

I 7 i 

This fixes B 

Simplifying 

18 

0 

7 



When A makes 18 revolutions C makes 7 revolutions in the 
same direction, hence the required velocity ratio is 

Speed of .4/Speed of C = 18/7 



A 




Fin. 70 


Fig. 71 


, 47. In the gear shown (Fig. 71) the wheel C is fixed and 
the wheel A rotates at 250 r.p.m. The bevel wheel B is 
rigidly fastened to A. Find the speed of the shaft D. 
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Solution, (i) Consider the train A, C and the arm E. 


Remarks 

A 

C 

E 

Remarks 

E fixed and C free 
to rotate 

1 

-* 

0 

Giving A 1 turn 

Add i right across 

v 

0 

4 

r 

This fixes C 

Simplifying 

11 

i 

ii j 

4 



When A makes 11 turns, E makes 4 turns in the same 
direction. 


(ii) Considering the train B, E and D. 


Remarks 

B 

E 

D 

Remarks 

The problem is 

11 

4 

? 


E fixed as in (i) 

1 

0 

- 1 

Giving B 1 turn 

(a) 

Subtract 1 right 





across 

0 

1 

- 2 

This fixes B (6) 

Multiply (a) by 1 1 

11 

0 

- 11 

This makes J3, 

1 1 and E, 0 

Multiply (6) by — 4 

0 

4 

8 

This makes B y 
0 and E 9 4 

Add last two lines 

11 

4 

- 3 

This makes B, 
11 and E , 4 

Multiply by 





right across 

250 


- ¥r 



Therefore when A makes 250 r.p.m., D makes 750/11 
r.p.m. in the opposite direction. 

18. The diagram (Fig. 72) shows an epicyclic arrangement 
for a winding gear. Shafts A and B are driven by separate 
motors. If B has a constant speed of 750 r.p.m., and N 




108 EXAMPLES m THEORY OF MACHINES PROBLEMS 

indicates the r.p.m. of A, the positive sign denoting the 
same sense of rotation as B, find an expression giving the 
speed of the drum attached to C in terms of N, and hence 
find the speed of the drum when N = 1 500. 

Ans. 1 559-35 r.p.m. 



19. Find the velocity ratio of the epicyclic gear in 
Fig. 73 when B is the driving shaft. A and C are stationary, 
and I) is the driven shaft. 

Ana. Velocity ratio = — 5-28. 

20. Power is transmitted from shaft A to shaft B of the 
gearbox shown in Fig. 74. It is found that a torque of 



500 lb. ft. must be applied to the casing C about the axis 
AB , -to hold it stationary. If A rotates at 1 000 r.p.m., find 
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the power transmitted, neglecting friction and assuming no 
backlash between the toothed wheels. 

Solution. When the casing is fixed the speed of B is 
given by 

man 60 55 33 000 16 500 . 

1 000 X — X — = — r— — — — - — r.p.m. m same direction. 
35 40 14 7 

Let P — pressure between teeth of A and IJ 

Q — pressure between teeth of E and B. 

Then torque tending to turn casing is evidently 

T, = (P X r A ) + (Q X r M ) = T, + T, 

-vj , „ (h.p.) x 33 000 

Now torque on A = T , - - 


. „ „ (h.p.) x 33000 x 7 

and torque on £ — T, = — ^ x 165w - 


Hence 


T, = T, + T* 

_ (h.p.) x 33 000 1 1 


277 

500 lb. ft. 


1 000 ' 16 500 


H.p. transmitted 


277 X 500 X 1 000 X 16 500 
“ 33 000 x 23 500 


= 66-8 h.p. 



Fig. 75 


21. The diagram (Fig. 75) gives the arrangement of a 
recent automatic belt tensioner. The shaft C is part of the 




110 EXAMPLES IN THEORY OF MACHINES PROBLEMS 

machine being driven, and is driven by a belt through the 
pulley D and the pinions A and B. The casing E can swing 
about the shaft C. Show that the belt will automatically 
tighten as the power delivered to D increases, and find a 
general expression for the force P tending to tighten the belt. 
Take a and b as the numbers of teeth in A and B respectively 
and T as the torque on D. 

Ans. P = 2T j(a + b). 
22. The differential gears shown in Fig. 76 are part of an 
epicyclic gearbox. The annular wheel C is held stationary. 


C D 



Fig. 76 


If A is the driving shaft and B the driven, find the velocity 
ratio of the arrangement. 

Am. 323/154. 

23. If the power transmitted by the gearbox in the pre- 
vious problem is 10 h.p. and the speed of if is 1 000 r.p.m., 
find the torque on the shaft A and the proportions of this 
torque transmitted by the pinions A x and A 2 respectively. 
Assume no backlash or frictional losses. 

Solution. 

H.p. = 2tt x N* x TJS3 000 
T^ = 33 000 X 10/27tN„ lb. ft. 

The velocity ratio = N^/N* = 323/154 

N„ = (323/154) x 1 000 = 323 000/154 r.p.m. 
Hence T A = 33 000 x 10 x 154/2tt x 323 000 
= 25*05 lb. ft. 
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To find the manner in which this torque is divided between 
the pinions A x and A 2 , consider the tangential forces at the 
pitch circles of the trains (Fig. 77). 



Left-hand train A v C, and D. 

— 8P taking pitch diameter as proportional to number 
of teeth. . . . . . . . (i) 

Right-hand train A 2 , D, and B. 

Tjj = 12Q (2) 

Equating the moments on the casing D due to forces between 
teeth, 2P x 17 = Q x 26 

Q = (17/13)P . . . (3) 

Substituting (3) in (2) 

T 2 - (12 x 17/13)P .... (4) 

= (T x + T 2 ) and using (1) and (4). 


Now 


T x 


T, 


T x 

T _ 8P 

(Tx + T 2 ) 

™ T 

77 ' A 

' 4 [8 + (12 x 17)/13]P 

t 2 

_ (12 x 17)/13 . P 

(Tx + T 2 ) ' 

51 T 

77 * 

" |8 + (12 + 17)/13]P 


. T, 


T. 


Therefore the torque T A on A is divided between A x and ^4 2 
in the ratio, TJT, = 26/51. 
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<24. The diagram (Fig. 78) shows an arrangement of two 
parallel shafts driven by equal wheels from the shaft A. 
At the ends remote from this shaft the parallel shafts are 



Fig. 78 


coupled together by equal overhung cranks and by a con- 
necting link C. Solid with this link is a toothed wheel B. 
its axis coinciding with that of the upper crank-pin. This 
wheel gears internally with a wheel D in line with the upper 
shaft. If the speed of A is n r.p.m. and B and D have 14 
and 32 teeth respectively, show that the speed of IJ is 
nf 16 r.p.m. in the direction opposite to that of the shaft A . 


B 



Fig. 79 


25. A double epicyclic gear is shown in Fig. 79. The, : 
annular wheel C is held stationary and the casing B con- 
tains an epicyclic gear which gives motion to the shaft Z. 
Find the velocity ratio of A and D. 
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(Hint. Find speed of shaft X about its axis and use this 
speed to solve the differential within the casing B, thus 
getting speed of shaft Z about its axis.) 

Ans. — 33/1. 

26. If the casing B in the previous problem were held at 
rest and C were free to rotate, what would be the velocity 
ratio of A to D, and what torque would be necessary to keep 
B at rest if A receives 10 li.p. at 750 r.p.m. ? Neglect friction. 

Ans. — 1-9 and 33-15 lb. ft. 


C D E 



Fig. 80 


27. Find the velocity ratios of A to B for the epicyclic 
gear shown in Fig. 80, when C, D and E are fixed in turn. 

Ans. 1*73 ; 3-5; - 14. 

28. If is the torque applied to A x and C is stationary 
in Problem 27, show that (60/281) . T^, (85/281) . and 
(136/281) . are the proportions of this torque trans- 
mitted by the wheels A v A 2 and A s , respectively. Neglect 
backlash and friction. 

29. The diagram (Fig. 81) shows an arrangement of the 
Wilson easy -change gearbox to give four forward speeds 
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and one reverse speed of the shaft F. A is the driving shaft. 
Find the velocity ratios of A to F when B, C, D and E are 



Fig. 81 


fixed in turn, and when the clutch G is fixed to D. G moves 
along A on a key. Am 4 . 5 . 2 . 53 . _ 8 . 43; j 

30. The diagram (Fig. 82) gives the profile of a cam that 
rotates about the axis 0 and lifts the 
block P. Draw a graph to show the 
lift of the block plotted on a base 
representing the angle turned by the 
cam. Also, calculate the acceleration 
of the block at the top of its lift when 
the cam rotates at 120 r.p.m., and 
ma,rk the profile of the cam to show 
where you would expect to find wear. 

{I.M.E.) 

Solution. 

OA = Vt(3/4) 2 + (3/4)2] 

= \/2 X 3/4 = 106 in. 

Measuring the angle turned through by the cam by the 
position of the radius OB relative to the line of lift OP, we 



Fig. 82 
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see that the block begins to lift when 6 = 135°, continues 
to lift until 0 = 180°, and falls again until Q — 225°. The 
lift during the period 6 — 135° to 0 — 225°, is given by, 

y — OP — OB 

= OA cos (180 - 0)° + AK ^ OB 
— — 1-06 cos 6 + 0-25 — 1 
y — — (1-06 cos d + 0-75) in. 

If this is plotted from 6 — 135° to 6 — 225° the required 
lift curve is obtained. 

During this period the acceleration of the block is given 
by d 2 yjdt 2 , obtained by differentiating y twice with respect 
to time. 

Thus dy/dt — — (1-06 X — sin 6)(d0/dt) — l-06a> sin 6, 
since ddjdt — co. 

And so d 2 y/dt 2 — l-06a> cos 0 . (dO/dt) — l-06a> 2 . cos 0. 
Now co — (2it X 120)/60 =p 4 rr radn./sec. 

At the top of the lift 0 = 180° ,‘j cos 6 — — 1 and so the 
acceleration at this point is | 

d 2 y\dt 2 = 1-06 x (4t r) 2 X - 1 = - 167-3 in./sec. 2 


The negative sign indicates S a retardation, which 
is in keeping with the nature of the 
motion. t r-nG 

31. The figure shows a circular! cam 

C that rotates with the shaft and /L J\ fj» 

lifts a roller R carried by a slider L R 

that moves in guides G. It is required 

to modify the cam C so that the motion / C \ 

of the slider L shall be as nearly as / j \ , 

possible simple-harmonic when the shaft 1, ) 

turns with constant angular velocity. \ J 

Mark off the profile to show how the 
existing cam should be cut down, : to | 

give the same stroke with the same Fiq 83 
roller. ( I.M.E .j 

32. The least radius of a cam is £ jn. and its profile is an 
involute drawn to a base circle of 1 iji. diameter. The cam 
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aqtuates a follower which is guided to move in a line passing 
through the centre of rotation of the cam and which is 
provided with a roller 1| in. diameter. What angular move- 
ment of the camshaft is required to move the follower f in. 
from the beginning of its out-stroke? ( I.C.E .) 




Ktg. 84 


Solution. In Fig. 84 are shown the positions of cam 
and follower at the beginning of the out-stroke. We have 

00 1 = 1-25 in. ; OB = 0*5 in. O x P = 0-75 in. 

O x B = 1146 in. 

and so BP = (1 146 - 0-75) = 0-396 in. 

Now since the cam profile is an involute, 

Arc BA — BP = 0-396 in. 

0*396 = 0-5 X a, whence a = 0*396/0*5 
= 0*792 radn. 

Also, cos (a -j- 0) = 0*5/1*25 = 0*4 
(a + 0) = 1*1589 radn. 

So that 0 = (1*1589 - 0*792) = 0*3669 radn. 

The positions when the lift is f in. are shown in the second 
half of the diagram, and we now have 

00 1 = (0*75 + 0*75 + 0*5) = 2 in. . 

OB — 0*5 in. 
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O t B = 1-936 in. 

and BP = (1-936 - 0-75) = 1-186 in. 

As before, 

Arc BA = BP = 1-186 in. 

1-186 - 0-5 x and ft = 1-186/0-5 
= 2-372 radn. 
cos (p — <j>) — 0-5/2 — 0-25 
(P- cf>) = 1-3177 radn. 

Hence <f> (2-372 - 1 -3177) = 1-0543 radn. 

The total angular movement of the camshaft is 
(BA- 4)=- (0-3669 + 1-0543) 

1 -4212 radn. 

33. A circular cam of radius r and eccentricity e operates 
an oscillating lever, the axes of camshaft and lever being 
parallel to one another and separated by a distance l. The 
contact surface of the lever is part of a plane parallel to 
the two axes, passing between them at a distance r t from 
the axis of the lever. I is considerably greater than r + r v 
Find the extreme positions of the line of contact on the 
plane surface of the lever. (W.S.B.) 



34. Particulars of a cam with a flat-footed follower are 
given in Fig. 85. Calculate the value of the radius R, and 
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plot on a base of 3| in. = 150° a curve of displacement of 
the follower. If the speed of the cam is 500 r.p.rn., calculate 
the accelerations of the follower at the points P, Q, and T . 
And if the combined mass of the follower and valve with 
which it is in contact is W lb., show how to calculate the 
stiffness of the spring which is employed to close the valve. 

(L.U.A.) 

Ans. R — 2*864 in. 

35. Design a cam for a horizontal shaft, which will give 
an oscillatory motion of magnitude 2 in. to a vertical spindle 
provided with a roller of diameter 1 in. The spindle is to 
rise from its lowest to its highest point with simple 
harmonic motion in one-third of a revolution of the cam; 
there is to be a period of rest corresponding to the second 
third of a revolution, and a descent to the original position 
with constant acceleration during the remaining third of a 
revolution. 

The spindle is 2 in. distant from the centre line of the 
camshaft, and when in its lowest position the centre of the 
roller is two inches above the plane containing the axis of 
the camshaft. 

36. Design a cam to lift a spindle vertically at uniform 
speed through 2| in. and to return it at a uniform speed of 

half the lifting speed. The spindle is 
fitted with a roller | in. diameter and 
the line of stroke is £ in. from the axis 
of the cam. Least radius of cam 2 in. 

37. A fuel injection pump of variable 
stroke is operated by a compound cam 
controlled by a governor. Reduced to 
its essentials, the mechanism is shown 
in Fig. 86. A, B, and C are the respec- 
tive centres of the shaft which operates 
the pump, a disc fixed to the shaft, and 
an eccentric sheave mounted on the 
disc. The sheave can be turned round 
the disc by the governor mechanism and in this way the throw 
of the cam can be changed. The stroke of the pump is small 
compared with the total throw of the cam, and the return 
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stroke, which is effected by means of a spring, is limited by 
the stops shown in the figure. 

AB and BC are each equal to 1 in. and the stroke of the 
pump is l in. when the angle ABC is 120°. Through what 
angle must the sheave be turned in order to reduce the 
stroke to l in. ? By what fraction of a revolution of the shaft 
will the period of injection be retarded? (1F.$.$.) 

Ans 13°. 

0-0233 of a revolution. 

38. The diagram (Fig. 87) shows 
the mechanism known as Ker- 
in ode’s steering gear in its mid- 
position. A is a spur wheel (driven 
by the steering engine) concentric 
with the rudder head and turning 
freely on it. In A is a curved slot 
B in which the pin M slides. This 
pin M is constrained to move in a 
straight line by guides L placed 
transversely across the ship. The 
rudder head is actuated from M 
by a connecting link C as shown. 

If the length of the link C in a particular case is 4 ft. and 
the radius of the tiller is 2 ft,., find the shape of the slot B 
so that the rudder may turn through equal angles as A 
rotates through equal angles. 




Fig. 88 


39. The diagram (Fig. 88) shows an arrangement of an 
elliptic cam rotating about a focus, and operating a rocker 

9 — (T.6o) 
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aTm. If the cam rotates at a uniform speed of 200 r.p.m. 
plot curves showing the angular velocity of the rocker arm 
on a time base. The axes of the ellipse are 6 in. and 4 in. 
respectively. 

40. A steam engine slide valve is to have a mean cut-off 
at 60% stroke with a steam lead of ^ in., and a maximum 
opening to steam of § in. Find the necessary travel of the 
valve. 

This valve, instead of being driven by an eccentric is to 
be operated with the same motion by a cam running at 
engine speed. It is to be actuated by a roller, 1 in. diameter, 
mounted on a rod in line with the centre of the camshaft, 
the return drive being spring operated. 

Draw the half of the cam contour on one side of the line 
of symmetry, given that the minimum distance between the 
centres of the cam and roller is 1 1 in. (L. U . ) 
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The resultant reactions are obviously greatest when the 
c.g. is vertically below the axis of rotation, and least when it 
is vertically above. Maximum reactions are — 

L.h. bearing (27 790 + 980) = 28 770 lb. 

R.h. bearing (35 730 + 1 260) - 36 990 lb. 

Minimum reactions are — 

L.h. bearing (27 790 — 980) — 26 810 lb. 

R.h. bearing (35 730 - 1 260) — 34 470 lb. 

The bending moment diagrams are left as an exercise. 
' v / r 20. The diagram (Fig. 101) shows three rotating weights 



of 400, 600 and 500 lb. at radii of 1, 1*5, and 2 ft. respec- 
tively. Find the balance weights required in the planes 
A and B for complete dynamic balance. 

Solution. Since the rotating weights are in different 
planes they give rise to an out-of-balance couple as well as 
an out-of -balance force. To balance such a system we require 
two rotating balance weights, one in each of two different 
planes, such as A and B above. The conditions to be satis- 
fied are, (i) the force polygon must close, i.e. XWr = 0, 
(ii) the couple polygon must close, i.e. 27W rx — 0, the 
moments being taken about any plane. 

Thus to find the force required in the plane B, we choose 
A as a reference plane and draw the couple polygon (taking 
moments about A ). . 
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' It is perhaps advisable to tabulate the values of W r, and 
W rx for the various weights. 


A B 


Weight 

Radius 

Wr 

W rx 

Wry 

400 lb. 

10 ft. 

400 

1 200 

2 400 

600 lb. 

1-5 ft. 

900 

5 400 

2 700 

500 lb. 

2 0 ft. 

1 

1 000 

8 000 

1 000 


The couple polygon with A as reference plane is given 
in Fig. 102 (a). The closing line scales 13 140 so that the 
value of W r for the plane B is 13 140/9 = 1 460. 




Next, taking B as a reference plane, we draw the couple 
polygon (taking moments about B) as shown in Fig. 102 (6). 
The closing line scales 5 310 so that W r for the balance 
weight in plane A is 5 310/9 — 590. The angles are scaled 
off the diagrams, and the accuracy of the work may be 
checked by drawing the force polygon as in Fig. 102 (c). 

Hence, a balance weight in plane B of 1 460 lb. at 1 ft. 
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radius, making 127° with the direction of No. 1, and a 
balance weight in plane A of 590 lb. at 1 ft. radius, making 
129° with the direction of No. 3, would be suitable. 

21. Three rotating weights are equally spaced 30 in. 
apart along a shaft ami all at radii of 10 in. The angle 
between 1 and 2 is 120° and between 2 and 3, 120°. The 
three weights are 150 lb. each. Find the magnitude of two 
balance weights at 15 in. radius, and their position in planes 
7j in. from 1 and 3 respectively (outside) to produce com- 
plete dynamic balance. 

Ava. 69-2 lb. each at 30° to plane of 1. 

22. A uniform rectangular plate, shown in Fig. 103, 
rotates about a diagonal. Find the position and magnitude 



Fig. 103 

of the least weights which when attached to the sloping 
edges OA and O x B will produce complete balance, if W is 
the total weight of the plate. 

Ans. (2/9) W b 2 (b 2 — a 2 )/(b 2 -f a 2 ) at (b 2 -f a 2 )/46 
/■ from O and O v 

/fa. Distinguish between the primary and secondary force 
due to a reciprocating mass and state the conditions to be 
fulfilled for the mutual primary balance of a set of recipro- 
cating masses. In a four-crank engine the distances between 
the cylinders are equal. Three reciprocating masses 
reckoned in succession from the right are 1 2 and 2\ tons. 

Find the fourth reciprocating mass and the crank angles 
relative to the right-hand crank for mutual primary balance. 

io — (T.6o) 
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Solution. The inertia force due to a reciprocating weight 
*W for any crank angle 6 is given approximately by 
(W/g)a> 2 r[cos 6 + (cos 20)/n] where n — Ifr the ratio of con- 
necting-rod length to crank throw. This is the force which 
has to be balanced, and the first term — (W/g)oj 2 r. cos 6 — 
represents the projection, on to the line of stroke, of the 




inertia force due to a weight W, concentrated at the crank - 
pin, and rotating at an angular velocity co. This is known as 
the primary force. 

The second term may be rewritten as (W /g) . (2co) 2 . 
(r-m . cos 26 in which form it is evident that it represents 
the projection, on to the line of stroke, of the inertia force 
due to a weight W concentrated at an imaginary crank, of 
radius r 2 /4Z, and rotating at an angular velocity 2eo, in the 
same plane as the main crank. This is known as the secon- 
dary force. 

For complete primary balance of a set of reciprocating 
weights, 

(i) Theprimaryforcepolygonmustclose,i.e. 2JWr=Q , and 

(ii) The primary couple polygon must close, i.e., 
27W rx = 0. 
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Taking the plane of 4, that, of the required weight, as a 
reference plane and drawing the couple polygon (moments 
about 4) so that it closes, we got for this polygon a triangle 
as in Fig. 104 (a). Note that since all radii are equal we 
need only consider Wx in each case. The directions of the 
sides of this triangle give the relative angular position of the 
cranks 1, 2, and 3. The crank angle 4 and the necessary 
weight are found by drawing the force polygon as in Fig. 
104 ( b ), the vectors being dr .vvn ladially from the centre 
of the crankshaft. 

The closing line scales 1-74 ton and this is the required 
weight. The relative crank angles are shown in the figure. 

24. In a four-crank engine the two middle cranks, 2 and 

3, are set at an angle of 105° with each other, and their 
reciprocating masses are respectively 2 520 lb. and 2 240 lb. 
Find the reciprocating mass and the relative crank angle of 
each of the two end cranks, 1 and 4, in order that all recipro- 
cating masses may be balanced for primary forces and 
couples. The distances between the crank centres, measured 
along the centre line of the crankshaft, are 37 £ in. between 
1 and 2 ; 60 in. between 2 and 3 ; and 45 in. between 
3 and 4. (. I.M.E .) 

Ans. (1) 1 820 lb. ; (2) 1 499 lb. 

97° between 3 and 1, and 58° between 
1 and 4. 

25. The dimensions of a coupled, two-cylinder locomotive 
with cranks at right angles are : distance between wheels, 
5 ft. ; between cylinders, 7 ft. ; and between coupling-rod 
centres, 8 ft. The weight of the reciprocating parts is 510 
lb., and of the rotating parts 200 lb., per cylinder. The 
weight of each coupling-rod is 500 lb. The coupling-rod 
cranks are in the same directions as the corresponding main 
cranks and all crank radii are 1 ft. Determine the weight 
and angular position of the weights to be placed on the 
driving wheels and the coupled wheels at an effective radius 
of 2£ ft. in order to balance all the rotating and two-thirds 
of the reciprocating weights. 

State in what way any forces or couples which still 
remain unbalanced tend to act. (L.XJ.) 
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. Solution (Fig. 105). The weight to be balanced per 
cylinder, assumed concentrated at the crank-pin, 

= 200 -f- (2/3)510 = 540 lb. at crank-pin. 

= 500/2 — 250 lb. at coupling-rod crank -pin. 

Driving wheels. We proceed to find, analytically, the 
weights Wj and W 2 which must be placed in the plane of 



the wheels A and B, opposite the left-hand and right-hand 
cranks respectively to balance the cranks. 

Taking moments about B and considering the left-hand 
crank, 

W x x 2-5 x 5 = (540 x 1 X G) + (250 X 1 X 6-5) 

W x = 389 lb. 

Taking moments about A and remembering that W 2 is on 
the opposite side of the reference plane through A, 

W 2 X 2-5 x 5 = (540 X 1 X 1) + (250 X 1 X 1-5) 

W 2 = 73-2 lb. 

This is in line with the right-hand crank. 

tan <f> = WJWi = 73-2/389 = 0-1881 = 10-65° 

W 0 = Vt(389) 2 + (73-2) 2 ] = 396 lb. 

The position of W 0 in each wheel is shown in Fig. 105. 

A similar method may be adopted to find the balance 
weights for the coupled wheels and this, and the remainder 
of the problem, are left to the student. 
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Ji 

^26. In a three-cylinder, three-crank engine, the recipro- 
cating parts for each cylinder weigh 1 800 lb. The stroke is 
2 ft., length of connecting-rod 4 ft. 6 in., distance between 
cylinder centre lines 3 ft., and the cranks are set at 120°. 
Estimate the out-of -balance primary and secondary couples 
when the engine is running at 180 r.p.m. (l.M.E.) 

Solution. The crank radius is 1 ft. and we have 
(o — 2v X 180/60 = 677 radn./sec. 

Out-of-balance primary couple. Taking the plane of 1 
(Fig. 106) as a reference plane we have, 

W ^ 2 = 1 800 X 3 = 5 400 lb. ft. 

W 3 z 3 = 1 800 x 6 = 10 800 lb. ft. 

The couple polygon is drawn as in Fig. 106 ( b ) and the 
closing line scales 9 369. 

Out-of-balance primary couple 

— Z Wrx(o) 2 lg) 

= 9 369 x 1 X 36tt 2 /32-2 = 103 300 lb. ft. 


12 3 2 



Fig. 106 Fig. 107 


Out-of-balance secondary couple. The crank angles for the 
imaginary secondary cranks are shown in Fig. 107 (a). 
The radii of these imaginary cranks are all r a /4£ = 1/18 ft. 
Draw the secondary couple polygon, assuming unit radius 



140 EXAMPLES IN THEORY OF MACHINES PROBLEMS 

for each crank as in Fig. 107 ( b ). This gives a closing line of 
9 369, as before. 

Out-of-balance secondary couple 

= (9 369/32-2) x (2co) 2 x (r 2 /4Z) 

— ^ >9 x l t 4 ^ 2 x 1 ^ 22 960 lb. ft. 

32-2 x IS 

27. The diagram (Fig. 108) shows the arrangement of a 
four-cylinder symmetrical engine. Prove that this engine 



may be balanced for primary forces and couples and for 
secondary forces, and find the necessary relations which 
must exist between the crank angles and pitches. 

28. In the Michell swash-plate engine shown diagram- 
matically in Fig. 109, the swash-plate may be regarded as 
having been cut from a steel cylinder with axis XX' by 
two parallel planes inclined to this axis by an angle a. The 
shaft of the engine to which the plate is fixed rotates in 
bearings about the axis XX'. There are n fixed cylinders on 
each side of the plate and they are distributed uniformly 
round the axis. In the diagram one pair of cylinders only 
has been shown with the pistons, rods, and slippers which 
transmit the driving forces. The plane of the figure is 
perpendicular to the plane of the swash plate. 

Show that the inertia forces acting on all the moving 
parts of the engine can be combined into a single couple in a 
plane rotating with the engine and containing the axes A A' 
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and XX', and that its moment can be expressed in the form 
(£1 — nMr 2 )co 2 . cot a, 

where I = moment of inertia of swash-plate about XX' , 

M = total mass of one piston, rod, slipper, etc., 

r — radial distance between XX' and the axis of any 
cylinder, 

co = angular velocity of engine. 


A' 
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Sketch a simple arrangement of balance weights by means 
of which the engine could be perfectly balanced. (IF.$.*S T .) 

29. Describe carefully how a connecting-rod may be 
replaced (for purposes of balancing) by two point masses, 
one at the crank-pin, and one elsewhere along the rod. 

30. Show in isometric projection the arrangement of 
cranks in an eight-cylinder engine which is designed so that 
the dynamic effects are balanced for both primary and 
secondary actions. Draw the force and couple polygons for 
primary and secondary effects. 


10. GYROSTATICS AND STEERING GEARS 


Note on Gyrostatic Action. If a rigid body be rotating 
about an axis, and a couple is applied which tends to turn 
the body about an axis perpendicular to the axis of spin, 
then the body will rotate, or tend to rotate, about a third 
axis which is perpendicular to both of the other axes. This 
is known as a gyrostatic action and the rotation about the 
third axis is called 'precession. 

It may be shown that if 

a) = angular velocity of spin, 

I = moment of inertia about axis of spin, 

(o' — angular velocity of precession, 
then the couple applied is given by 

C = Icooo' = rate of change of angular momentum. 

v/l. Two fly-wheels W together with their axle have a 
weight of 60 lb. and a radius of gyration of 2 ft. They spin 
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freely about XX at 2 000 r.p.m. The bearing which carries 
the shaft rotates in fixed bearings, BB, about Y Y at 1 000 
r.p.m. What is the unbalanced couple on the frame BB1 
Neglect friction. 
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Solution (Fig. 1 JO). The couple is given by 
0 — Rate of change of angular momentum. 
C = I . o> . <»' 


i<0 ' 32 2 ^ X 


277 X 2 000 

— 


1 500 lb. ft. see. units 


a/ — 277 X 1 000/60 — 104-00 rad n. /sec 
/. C = (1 500 x 104-00) = 103 100 lb. ft. 


This acts about an axis through O normal to plane XOY, 
and in the figure the sense of C is clockwise for the rotations 
indicated. 

2. A fly-wheel of weight 2 tons and radius of gyration 3 ft. 
is keyed to its shaft so that its plane makes an angle of 2° 
with a plane normal to the shaft. If the shaft rotates at 
250 r.p.m., find the unbalanced couple on the bearings due 
to the obliquity of the fly-wheel. 

Solution (Fig. 111). Considering the rate of change of 
angular momentum, when the shaft has turned through an 



angle 6 the vector OA representing angular momentum 
has turned through an angle <f> such that 

It o . d<f> . = AB — 1 co . sin a . dd. 

d<f> = sin a . dd. 

Hence the angular velocity of precession is, 

(o' = d<f>/dt — sin a . (dO/dt) = co . sin a. 
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The gyros tatie couple acting on the bearings is therefore 
given by, 

6 J C = I too/ - I co 2 . sin a 


2 x 2 240 


(3) 2 x 


2n x 250 
GO 


X sin 2°. 


= 29 920 lb. ft. 


This couple acts in the plane containing the shaft and the 
axis of the fly-wheel, and rotates with this plane. 

3. A ventilating fan together with the motor armature has 
a weight of 5 lb. and a radius of gyration of 2 in. It rotates 
at 5 000 r.p.m. and is mounted on a vertical spindle per- 
pendicular to its axis by a universal joint so that the c.g. 
overhangs the centre of the spindle by } in. Neglecting all 
frictional effects find the speed at which the fan and motor 


rotate about the vertical axis. 


Am. 0-44 r.p.m. 


4. A pair of driving wheels and shaft of a locomotive 
have a weight of 2 tons and a radius of gyration of 3 ft. 

The outer diameter of the 
wheels is 6 ft. 6 in., and the 
distance between centres of 
bearings is 4 ft. If the loco- 
motive is rounding a curve of 
radius 500 ft. at 60 m.p.h., 
find the additional reactions 
on the bearings due to gyro- 
static action. 

{Hint. Take radius of track 
to be mean radius and neglect 
slipping.) 

Ans. Reactions = 1 492 lb. 

5. A grinding mill is shown 
in Fig. 112. The wheel W is 
Fjq, U2 rigidly attached to the shaft 

which is rotated at constant 
speed at radn./sec. through a universal coupling at O. 
Initially the shaft l hangs vertically. Explain how it may be 
set in motion as a mill and obtain an expression for the 
normal pressure R between the mill and the mortar. 
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W. A steam turbine, mounted in a boat, makes 3 000 
r.p.m. The effective moment of inertia of the rotor, shaft, 
and propeller is 0-5 ft. ton units. Find the magnitude and 
direction of the couple acting on the hull when the boat 
describes a circular path, making a complete turn in 12 sec. 
Prove any formula you use. ( L.U .) 

Solution. The proof of the formula — 

Couple — law)' is left to the student. 

We have <o — 2v x 3 000/00 — 314 radn./seo. 

Since the boat makes one complete turn in 12 sec. 

(o' = 277/12 = rr/6 radn./sec. 

Hence the couple acting on the hull is 

C = lo)(o' = 0-5 X 314 x tt/ 32-2 x 6 
= 2-56 ton ft. 

This acts about an axis perpendicular to the direction of 
motion. 

7. A locomotive weighs 80 tons and travels at 50 m.p.h. 

on a curve of 2 000 ft. radius. The height of the centre of 
gravity above rail level is 8 ft. The outer rail of the curve 
is 4 1 in. higher than the inner and the rails are 5 ft. from 
centre to centre. Assuming that the wheels have a radius of 
gyration of 2 ft. and a total weight of 7 tons, find the over- 
turning moment of the locomotive due to gyrostatic action 
of the wheels and due to the outer rail being lower than is 
desirable for the given speed. ( I.M.E .) 

Ans. 6-47 ton ft. 

8. A motor cycle and rider together weight 350 lb., their 
centre of mass being 18 in. above the ground when the cycle 
is vertical and 24 in. in front of the axis of the back wheel. 

The wheels of the cycle each weigh 20 lb. ; their outer 
diameter is 26 in., and their radius of gyration 12 in. The 
wheel base is 54 in. The engine has a fly-wheel weighing 
48 lb., with a radius of gyration of 7 in.; the axis of the 
crankshaft is horizontal and in the plane of the road- wheels, 
the direction of rotation being clockwise when viewed from 
the rear. At 30 m.p.h. the engine makes 2 400 r.p.m. 
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“Find (a) the inclination to the vertical, and (b) the 
reactions between the road and each wheel when rounding a 
curve to the right of 120 ft. radius at 30 m.p.h. (L.U.A.) 

Ans. (a) 28-3° 

(b) 178-5 lb. front. 

171-4 lb. rear. 

9. An aeroplane is propelled by a rotary engine which 
rotates anti-clockwise from the front, at a speed of 1 000 
r.p.m. The moment of inertia of the complete engine 
rotating parts and propeller is 10 lb. /ft. 2 If the aeroplane 
makes a half turn to the right in 12 sec., find the gyroscopic 
couple acting on it and its effect. 

Ans. 4-25 lb. ft. tending to raise the tail. 

10. The crankshaft and fly-wheel of a motor car have a 
moment of inertia of 150 lb. ft. 2 and rotate at 1 000 r.p.m. 
The shaft is parallel to the direction of motion, and rotates 
clockwise as viewed from the rear. If the car rounds a 
curve 25 ft. radius at 15 m.p.h., what is the gyrostatic 
couple on the frame ? If the turn is (a) to the left, (6) to the 
right, state the effect of the couple on the car. 

Ans. 429 lb. ft. 

(а) Back springs depressed. 

(б) Front springs depressed. 

11. Discuss the motion of a top and show how the angle 
of inclination to the vertical and the speed of precession 
may be found. 

12. A motor cycle and rider together weigh 300 lb. The 
fly-wheel runs in the same sense as the road wheels at 
2 500 r.p.m. If the rider turns a corner of 25 ft. radius at 
30 m.p.h., find approximately the distance which he must 
move the centre of gravity of himself and the nK/ihine in 
order that the fly-wheel may precess. Take the moment of 
inertia of the fly-wheel to be 3 lb. ft. 2 

Ans. 1-72 in. 

13. The wheel-base of a motor car is of length H. The 
front axle has a length b and the steering wheels pivot about 
the ends of this axle. 
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State the configuration of these wheels for correct steering 
and thus obtain a simple formula connecting the angles 
between the planes of the steering wheels and the front axle, 
the wheel base, and the length of the axle, which must hold 
for all correct steering positions. 

14. The mechanism shown in Fig. 113 is the Davis steer- 
ing gear. Show that it gives correct steering in all positions 



if cot a = 6/2H where H is the length of the wheel base. 
Why is this gear not practicable? 

15. The Ackerman steering gear makes use of the four- 
bar mechanism as shown in Fig. 1 14. If the length ABoi the 
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axle is 4 ft. and the wheel base of the car is 7 ft., design the 
gear so that the steering will be correct when turning in a 
circle 15 ft. radius. 

Solution. From Fig. 115 tan 0 - 7/13 0 = 28-3° 

and tan <f> = 7/17 <j> = 22-4°. 

In this position of the gear the inclination of DC to AB 
is only a few degrees and consequently the projections of 
CD and C 1 D 1 on AB may be assumed equal. Then we must 
have 

Projection of arc D X D on AB = Projection of arc C\C on AB. 
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Hence if a = — /J\BA which is required and 

AD r — a, we have, 

a[cos (a — 6) — cos a] — a |cos a -| cos (0 + a)] 



or cos a . cos d -f sin a . sin 6 — cos a 

= cos a + cos 0 . cos a — sin 0 . sin a 
cos a (cos 6 — cos 0—2) 

= — sin a (sin 6 + sin 0) 
tan a = (2 + cos 0 — cos 0)/(sin 6 -f sin 0)- 
Substituting, tan a = 2 044/0-8552 = 2-39 
a == 67-3°. 

This is the important dimension of the gear. 



11. VIBRATIONS OF ELASTIC BODIES -WHIRLING 

OF SHAFTS 


Note on the Energy Method of Obtaining the Equations of 
Motion. This method of dealing with vibration problems 
makes use of the relation, 

Total energy of system — constant. 

In order to form the energy equation in a particular case 
some assumption must be made regarding the deflected 
form of the system during vibration. Lord Rayleigh has 
shown that any assumed shape not strikingly unlike the 
actual deflected shape leads to results which are very nearly 
accurate. The most usual assumption is that 
the deflected shape during vibration has the 
same form as the statical deflected shape. 

1. A helical spring of stiffness k and axial 
length l is rigidly fastened at its upper end, 
and supports a weight W at its lower end. 

Find the period of a small vertical vibration 
taking account of the inertia of the spring. 

Solution. The assumption made in this 
case is that the vertical displacement of a 
point P on the spring due to a displacement 
x of the free end is xz/l. The total energy of 
the system at any instant is made up of — 

(i) Kinetic energy of system. 

(ii) Potential energy of system. 

The potential energy consists of — 

(а) Potential energy due to position of weight W. 

(б) Potential energy due to deformation of spring. 

If the system starts from rest we must have after time t, 

Gain of energy = loss of energy. 

149 



Fig. 116 
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If x is the displacement of W at time t, 


K.e. of weight W --= (W/2 g^dx/dt)* 


K.c. of spring = 



w l 
2*7 3 



where w — weight of unit axial length of spring. 

Strain energy gained by spring — Wx -f {lex 1 . 
Potential energy lost by weight W = Wx. 

Equating gain of energy to loss of energy we get, 


WfdxV w l 
2 g\dt ) + 2q ' 3 ' 






Differentiating this equation with respect to time, and 
dividing by dxjcit, 


W + wl / 3 d 2 x 
9 ' dt 2 


+ kx = 0. 


This is the equation of motion of the system and obviously 
represents a simple harmonic vibration of period, 


t = 2ttV[(W + wl/ty/kg] sec. 


This result should be compared with that of Problem 3, 
Section 4, when it will be seen that the period above is the 
same as that for a spring of negligible mass with a weight 
(W + l weight of spring) at its free end. 

2. A weight W is vibrating in a vertical plane at the end 
of a uniform horizontal cantilever of length l. Show that 
the period of a small vibration is the same as that for a 
weightless cantilever of the same dimensions with a load 
(W -j- 33 wl/ 140) at its free end, where w = weight of unit 
length of the cantilever. 

(Hint. Assume the deflected form during vibration is 
the same as that produced by a static load at the free end.) 
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3. A horizontal cantilever of length 4 ft. and uniform 
cross-section 3 in. wide by \ in. deep performs small 
vibrations in a vertical plane. Given that the material 
of the cantilever weighs 480 lb. /ft. 3 and E = 30 X 10 8 lb. 
per in. 2 , find the approximate frequency of natural 
vibration. 

{Hint. Proceed as in Problem 2 and finally substitute 
W — 0-) Ans. f — 3-63 per sec. 

4. A uniform beam of length l is simply supported at its 
ends. A weight W is concentrated at its mid-point. If w is 
the weight of unit length of the beam show that the fre- 
quency of small natural vibrations is given by 

, i /r 48E] g " 

J 2tt jsJ |_(W + 17w//35)P 

where E is Young's modulus for the material of the beam. 

5. A load of 2 000 lb. is supported at mid-span b} T a simply 
supported horizontal beam of span 24 ft., of I-section 10 in. 
deep, having a second moment of 211-5 in. 4 about the 
neutral axis. Neglecting viscous resistances and the inertia 
of the beam itself, calculate the natural period of vibration 
of the system. 

An alternating load due to a mass of 12 lb. at a radius of 
9 in. revolving at 360 r.p.m. is superimposed on the given 
load. Calculate the amplitude of the forced vibration and 
the additional maximum stress in the beam due to this. 
E for beam = 30 x 10 6 lb. /in. 2 ( L.TJ.A. ) 

Ans. 0-1266 sec. 

2-907 in. 

26-65 ton/in. 2 

6. Using the Rayleigh method, show that the period of 
torsional vibration of a circular shaft of length l, fixed at 
one end and carrying a disc at the free end, is the same as 
that for a shaft of negligible mass, of the same dimensions, 
having at its free end a disc of moment of inertia 

(I + il/ 3), 

where I — moment of inertia of disc and 

i = moment of inertia of shaft per unit length. 

xi— (T.6o) 
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Hence, calculate the period for a shaft of length 6 ft., 6 in. 
diameter and carrying at the end a disc 4 ft. diameter, 
4 in. thick. The material of the shaft weighs 450 lb. /ft. 3 


C = 12 X 10 6 lb. /in. 2 


Ans. 0-177 see. 


7. A beam 15 ft. long and freely supported at the ends, 
carries masses of 5, 2, and 4 tons respectively at the points 
3 ft., 7-5 ft., and 12 ft. from one end. The mass of the beam 
itself may be neglected. 

It is found that the deflection of the beam is 0-25 in. 
when the central load only is applied. Deduce the natural 
frequency of vibration of the loaded beam, stating carefully 
what assumptions you have made. If it were considered 
necessary to take the mass of the beam itself into account, 
indicate briefly how this might be done. 

Note. The deflection y of a freely supported beam of span 
l, at a point distant x from one end, due to a load W at a 
distance a from that end (a ZJ x ) is given by, 


_Wl 3 x l- a 

V ~ 6EI * r ~r 




(L.U.A.) 


Ans. 3-93 per sec. 

(Hint. Use the energy method, calculating statical 
deflections by given formula, having first found 1/EI from 
the given deflection.) 

8. The shaft shown in the diagram (Fig. 117) carries two 



Fig. 117 


heavy masses at A and B and is driven by a light gear 
situated at CC. The weight of A is 800 lb. and its radius of 
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gyration is 27 in. ; the corresponding values for B are 
1 200 lb. and 33 in. 

The shaft diameter between CC and B, marked x" , is 
undecided. Assuming it to be 3| in., determine the fre- 
quency of free torsional oscillations of the system. There- 
after, determine what x should be if the node of the vibra- 
tion is to be in the plane CC of the drive. Deduce any 
formula used. Rigidity modulus = 12 X 10 6 lb. /in. 1 2 

Solution. The frequency of free torsional vibration of 
such a system is given by 

, 1 + 1 ,) 

J 2tt V 32 1 . IJ B 

where l is the length oi shaft between A and B which 
corresponds to a constant diameter d. The proof of this 
formula is left to the student. 

To apply this we must find the length l equivalent to a 
constant diameter d, say, equal to 3| in. Note that the 
angle of twist of such a shaft is proportional to the length 
and inversely proportional to the fourth power of the 
diameter. Hence, without altering the angle of twist, a 
shaft of length l x and diameter b x may be replaced by one 
of length l 2 , and diameter b 2 by satisfying the condition, 

iji, = (&,/&,)*. 

Reducing the shaft to an equivalent length l of diameter 
d = 3| in. we have, 

(i) the 4| in. section — 

ljl 2 = (4-25/3-5) 4 /. l 2 = 3-22 in. 


(ii) the 5 in. section — 

5/Z 2 = (5/3-5) 4 Z* = 1-2 in. 

Hence the equivalent length of shaft is, 

l = (10 + 15 + 3-22 + 1-2) = 29-42 in. 


I 


A 


800 

32-2 



= 125-8 units 




1 200 /33\ 2 

32-2 ' \12/ 


= 281-8 units. 
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Substituting 

_ , 1 /(” 7T X 12 x 10 6 X (3-5) 4 (125-8 + 281-8) x 12 x 144 

2tt V L (12) 4 X 32 x 29-42 x 125-8 X 28T8 

= 12-09 vibrations per second. 

The position of the node is determined by the relation, 
IJl a = BC/AC and 
AC — 13-82 in. of equivalent shaft. 


Hence 


BC = 


13-82 x 125-8 
281-8 


= 6-17 in. of equivalent shaft. 

The actual length of the x in. diameter section is 15 in., 
and its equivalent shaft length is (6-17 — 0-0) = 5-57 in. 
To find x we have, 

15/5-57 = (.r/3-5) 4 whence x — 4-48 in. 


9. The propeller and engine fly-wheel of a ship have 
moments of inertia of 70 and 90 ton ft. 2 respectively, and 
are mounted 40 ft. apart on a hollow shaft 15 in. outside 
and 12 in. inside diameter. Calculate the frequehcy of 
torsional oscillations of the shaft. 

In the above arrangement the fly-wheel is between the 
propeller and the engine, which is 58 ft. from the propeller. 
In order to lessen vibration, the size of the fly-wheel is 
reduced and a second fly-wheel is mounted on the shaft, 
68 ft. from the propeller. By this means one of the two nodes 
of the oscillations due to the three masses occurs at the 
engine itself and the frequency of the oscillations is 190 per 
min. 

Calculate the moments of inertia of the fly-wheels. 
Neglect the mass of the shaft and take C for the shaft as 
12 x 10 6 lb. /in. 2 (. L.XJ.A .) 

Ans. f = 7-65 per sec. 

I 2 = 7-3 ton ft. 2 I 3 = 8-89 ton ft. 2 

10. Define whirling speed as applied to a rotating shaft 
and show that for a long unloaded uniform shaft, running in 
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short bearings, the lowest speed at which whirling can occur 
is given by, 

CO = (7T 2 fl 2 )V(gmiw) 

where w is the weight per unit length of the shaft. 

11. A light shaft running in short bearings carries a load 
the dimensions of which are small compared with the length 
of the shaft. Find the lowest speed at which whirling will 
occur. 

Solution. Treating the shaft as a light beam carrying a 
concentrated load W (Fig. 118), we have 

Deflection under load W — y — Wa 2 & 2 /3EI/ 

where a and b are the lengths of the parts into which W 
divides the length l. 



Since the shaft is rotating, the load W is replaced by the 
centrifugal force (W/g) . or . y, and in the critical state, 
when the centrifugal force is just balanced by the restoring 
force due to the stiffness of the shaft, we have 

y = (W/g){co 2 ya 2 b 2 l3EIl) 
or co critical = \Z(3Elgl/Wa 2 b 2 ) 

This is the required whirling speed. 

12. A shaft carries a wheel at mid-span between its two 
bearings, and measurements made in a static balancing 
machine show that the centre of gravity is displaced 0-10 in. 
from the axis, although the shaft is true. 

When the shaft is running at 600 r.p.m. it is found to be 
deflected 0-03 in. by the unbalanced centrifugal force. 
Estimate the critical speed at which the shaft may be 
expected to whirl. (I.M.E.) 
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Solution. Let h (Fig. 119) denote the distance of the 
centre of gravity from the axis of the shaft, and y the 
deflection of the point G from the axis of rotation at speed 
o) radn./sec., then, due to rotation, a force F acts radially 
at G, given by, 

F = (W/</)o)% + h). 

Now it is known that if a force F acts at the mid-point of 
a uniform shaft, freely supported, it will cause a deflection,. 

y — Fi 3 /48EI, which gives 
F = 48EIy/Z 3 . 



Fig. 119 


Equating these two expressions for F we get, 

48EL//Z 3 = (W/g)a>% + h) 

(Wlg)c»*h _ h 

V ~ (48EI/Z 3 — tu 2 W/<7) (48EI<//o>WZ 3 ) - I 

y becomes infinite when 

o? = 48EIgr/W/ 3 

and this value gives the whirling speed. 

Also we have y — 0 03 in. at 600 r.p.m. 
and h = 010 in. 

0-10 

0 03 - 48EIgr 

WZ 3 [(2tt x 600)/60] 2 1 

giving 48EIg/W7 3 = to 2 critical = 400 X it 2 X 13/3 

cocnticai = 130-7 radn./sec. = 1 248 r.p.m. 

13. A shaft designed to carry a rotor that weighs 5 tons 
is found to be deflected 0-01 in. when a test load of 2 tons is 
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suspended on it by slings from the seating prepared for the 
rotor. Estimate approximately the critical whirling speed 
that may be expected when the rotor is fitted. ( l.M.E .) 

Ans. 343 r.p.m. 

14. An unloaded uniform shaft of length l and weight 
w lb. per unit length runs in “long” bearings. Show that 
the critical speed at which whirling occurs is given by 

cos ml . cosh ml . — 1 

where m* — wo> 2 fgFA. 



Solution. Measuring x (Fig. 120) along the axis of 
rotation and taking y as the deflection at x. 

The centrifugal force per unit length of shaft 

= Mg) ■ co 2 .y. 

It is shown in textbooks on Strength of Materials that 
El . (d 4 y/dx*) = load per unit length 

so that, in this case, 

El . (d^y/dx*) . = w/g . co 2 . y 
or d^yfdx* — nAy = 0 where m 4 = waj 2 lgFl. 

This is the equation of the strained central line of the 
shaft. 

The general solution of this equation is, 

y — A sin . mx + B sinh mx + C cos mx + D cosh mx. 

Since the shaft runs in “long” bearings the conditions 
approximate to fixed ends and so y — 0 and dyjdx — 0 at 
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both ends, and since we have taken the origin at one end 
we get 

C = —D and A = — B and 
C — — A (sin ml — sinh ml)/{ cos ml — cosh ml) 
and the equation becomes, 


y 


A 


(sin mx — sinh mx) 

sin ml — sinh ml 
cos ml — cosh ml 


(cos mx — cosh mx) 


] 


Finally the condition dyjdx — 0 when x — l requires that 
either A = 0, when there is no deflection, or 


(cos ml — cosh ml) + 1 


/sin ml — sinh ml\ 


\cos ml — cosh ml ) 


(sin ml + sinh ml) 


= 0 


This latter gives the condition of instability, and reduces to 
cos ml . cosh ml — 1 . 


15. A steel shaft, 6 ft. long between bearings, has a 
diameter of 1 in. If the bearings are short, calculate the 
least whirling speed. E = 30 X 10 6 lb. /in. 2 

Ans. 920 r.p.m. 

16. A steel shaft, 2 in. diameter, is carried at its ends in 
swivel bearings, 36 in. from centre to centre. A wheel of 
mass 400 lb. is carried with its mass centre 16 in. from one 
end. 

Estimate the whirling speed, neglecting the mass of the 
shaft. Take E as 30 x 10 6 lb. /in. 2 ( L.U.A .) 

Ans. 1 478 r.p.m. 

17. Show that the frequency of transverse vibration of a 
loaded shaft is equal to the whirling speed of that shaft. 

18. A uniform shaft is mounted at its ends in bearings 
which do not impose any flexural constraint upon it, and 
has keyed to it at the middle of its length a disc. Assuming 
the deflection form of the shaft to be that due to a central 
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load, prove that -frl of the mass of the shaft should be 
added to that of the disc in estimating the whirling speed. 

Find the whirling speed if the shaft is 1 in. diameter and 
20 in. long, and the mass of the disc is 10 lb. 

Density of steel 0-28 lb./in. 3 , E for steel 30 x 10 6 lb. /in. 2 

(L.U.A.) 

Solution. Since the whirling speed is equal to the fre- 
quency of transverse vibration of the shaft and disc, we 
simply proceed to find this latter using the energy method. 
It has already been shown in Problem 4 of this section that 
in estimating the frequency of transverse vibrations of 
the mass of the shaft should be added to the central load, 
and that the frequency is then given b\ 

/ - ( 1/277 ) y/ [gf dgtatie) 

where 

d static — static deflection under load. 

In this case 

Static = (1/48)(W + 17«;/35)(Z 3 /EI) 
where w — weight of shaft, and W = weight of disc. 

1 IT 32-2 x 48 x 30 x 10« x 12 x 77 X 1 1 
J ~ 277 V L(20t7 X 0-28 x 17/140 + 10) x 64 x (20) 3 J 
= 50-79 per sec. 

.'. Whirling speed 

= 60 X 50-79 = 3 047-4 r.p.m. 

19. A uniform shaft of length l runs in a long bearing at 
one end and the other end is free. Show that the whirling 
speed is determined by 

cos ml . cosh ml -j- 1 — 0 
where m* — w(o 2 /gEI. 

Find the smallest root of this equation. 

Ans. ml = 1-875. 

20. A heavy uniform shaft carries a concentrated load 
W at its mid -point, and rotates in “short ” bearings. Making 
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use of the equation of the strained centre line of the shaft, 
show that the whirling speed is determined by, 

tan l ml — tanh \ml = 4w/mW 

where m 4 = wa) 2 /gFA and w — weight per unit length of 
shaft. 

{Hint. On account of symmetry (dy/dx) = 0 at x = \l, 
and shearing forces at centre on each side of W support the 
centrifugal force on W. Shearing force — —El . {d^/dx 3 .) 
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of. By M. G. Say, Ph.D., M.Sc., A.C.G.J., D.I.C., A.M.I.E.E., 
F.R.S.E., and E. N. Pink, B.Se., A.M.I.E.E. . 

Alternating Current Power Measurement. By G. F. Tagg 

Alternating Current Work. By W. Perren Maycock, 
M.I.E.E. Second Edition ...... 

Alternating Currents, The Theory and Practice of. By 
A. T. Dover, M.I.E.E. Second Edition .... 

Armature Winding, Practical Direct Current. By L. 
Wollison, A.M.I.E.E 

Automatic Street Traffic Signalling (Apparatus and 
Methods). By H. H. Harrison, M.Eng., M.I.E.E., 
M.I.R.S.E., and T. B. Preist ...... 

Automatic Protective Gear for A.C. Supply Systems. By 
J. Henderson, M.C., B.Sc., A.M.I.E.E 

Cables, High Voltage. By P. Dunsheath, O.B.E., M.A., B.Sc., 
M.I.E.E 

Continuous Current Motors and Control Apparatus. By 
W. Perren Maycock, M.I.E.E. ..... 

•Definitions and Formulae for Students — Electrical. 
By P. Kemp, M.Sc., M.I.E.E., Assoc.A.I.E.E. . 

•Definitions and Formulae for Students — Electrical In- 
stallation Work. By F. Peake Sexton, A. R.C.S., A.M.I.E.E. 

Direct Current Electrical Engineering, Elements of. 
By H. F. Trewman, M.A., and C. E. Condliffe, B.Sc. 

Direct Current Electrical Engineering, Principles of, 
By the late James R. Barr, A.M.I.E.E., and D. J. Bolton, 
M.Sc., M.I.E.E. Second Edition ..... 

Direct Current Machines, Performance and Design of. 
By A. E. Clayton, D.Sc., M.I.E.E. ..... 

Dynamo, The : Its Theory, Design, and Manufacture. By 
C. C. Hawkins, M.A., M.I.E.E. In three volumes. Sixth 
Edition — 

Vol. I 

Vol. II 

Vol. Ill 

Electric and Magnetic Circuits — Alternating and 
Direct Current, The. By E. N. Pink, B.Sc., A.M.I.E.E. 
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Electrical Engineering, etc. — contd. 

Electric Circuit Theory and Calculations. By W. Perren 
Maycock, M.I.E.E. Third Edition, Revised by Philip Kemp, 

M.Sc., M.I.E.E., A.A.I.E.E. * 

Electric Clocks, Modern. By Stuart F. Philpott, A.M.I.E.E. 
Second Edition ........ 

Electric Lighting and Power Distribution. By W. 
Perren Maycock, M.I.E.E. Ninth Edition, thoroughly 
Revised by C. K. Yeaman. In two volumes . . Each 

Electric Machines, Theory and Design of. By F. Creedy, 

M.I.E.E., A.C.G.I 

Electric Motor Control Gear, Industrial. By W. H. J. 

Norburn, A.M.I.E.E 

Electric Motors and Control Systems. By A. T. Dover. 
Electric Plant, Protection of (Modern Developments). 
By P. F. Stritzl, D.Sc.Tech. (Vienna) .... 

Electric Traction. By A. T. Dover, M.I.E.E., Assoc. Amer. 
I.E.E. Second Edition ....... 

Electric Trolley Bus, The. By R. A. Bishop . 

Electric Wiring, Fittings, Switches, and Lamps. By W. 
Perren Maycock, M.I.E.E. Sixth Edition. Revised by 
Philip Kemp, M.Sc., M.I.E.E. ..... 

Electric Wiring of Buildings. By F. C. Raphael, M.I.E.E. 
Electric Wiring Tables. By W. Perren Maycock, M.I.E.E., 
Seventh Edition Revised by F. C. Raphael, M.I.E.E. 
Electrical Apparatus, The Calculation and Design of. 

By W. Wilson, M.Sc., B.E., M.I.E.E., M.Amer.I.E.E. 
Electrical Condensers. By Philip R. Coursey, B.Sc., 

F.Inst.P., M.I.E.E 

♦Electrical Contracting, Organization, and Routine. By 
H. R. Taunton . 

Electrical Educator. By Sir Ambrose Fleming, M.A., D.Sc., 
F.R.S. In three volumes. Second Edition 
Electrical Engineering, Classified Examples in. By S. 
Gordon Monk, M.Sc. (Eng.), B.Sc., A.M.I.E.E. In two parts. 
*Vol. I. Direct Current. Fourth Edition 
•Vol. II. Alternating Current. Fourth Edition 
Electrical Engineering, Experimental. Bv E. T. A. 

Rapson, A.C.G.I., D.I.C., A.M.I.E.E. . 

Electrical Guides, Hawkins'. In ten volumes Each 

Electrical Machinery and Apparatus Manufacture. 
Edited by Philip Kemp, M.Sc., M.I.E.E., Assoc. A.I.E.E. 
In seven volumes ....... Each 

Electrical Machines, Practical Testing of. By L. Oulton, 
A.M.I.E.E., and N. J. Wilson, M.I.E.E. Second Edition . 
Electrical Measurements and Measuring Instruments. 
By E. W. Golding, M.Sc.Tech., A.M.I.E.E., M.A.I.E.E. 
Second Edition ........ 

Electrical Power, Transmission, and Interconnection. 
By C. Dannatt, B.Sc., and J. W. Dalgleish, B.Sc. 
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Electrical Engineering, etc. — contd. 

Electrical Technology. By H. Cotton, D.Sc., 

A.M.I.E.E. Second Edition ...... 

Electrical Terms, A Dictionary of. By S. R. Roget, M.A., 
A.M.Inst.C.E., A.M.I.E.E. Second Edition 
Electrical Transformer Theory. By S. Gordon Monk 
Electrical Transmission and Distribution. Edited by 
R. O. Kapp, B.Sc. In eight volumes. Vols. I to VII Each 

Vol. VIII 

Electrical Wiring and Contracting. Edited by H. Marryat, 
M.I.E.E., M.I.Mech.E. In seven volumes . . Each 

Electricity, Foundations of Technical. By E. Mallett, 
D.Sc., M.I.E.E., A.M.InsU ;E., F.Inst.P., and T. B. 
Vinycomb, M.C., M.A., F.Insl.r 

Induction Coil, Theory and Applications. By E. Taylor 
Jones, D.Sc. ........ 

Induction Motor Practice. By R. E. Hopkins, B.Sc., 
A.M.I.E.E., etc 

Instrument Transformers: Their Theory, Character- 
istics and Testing. By B. Hague, D.Sc. (Lond.), Ph.D. 
(Glas.), F.C.G.I., etc 

Meter Engineering. By J. L. Ferns, B.Sc. (Hons.), A.M.C.T. 
Photoelectric Cells. By Norman Robert Campbell and 
Dorothy Ritchie. Third Edition ..... 

Photoelectric Cells Applications. By R. C. Walker, B.Sc., 
(Lond.), and T. M. C. Lance, Assoc.I.R.E. Second Edition 
Power Wiring Diagrams. By A. T. Dover, M.I.E.E., A.Amer. 
I.E.E. Third Edition ....... 

Practical Primary Cells. By A. Mortimer Codd, F.Ph.S. . 
Railway Electrification. By H. F. Trewman, A.M.I.E.E. 
Railway Track-Circuits. By D. C. Gall .... 

Sags and Tensions in Overhead Lines. By C. G. Watson, 
M.I.E.E 

Storage Batteries : Theory, Manufacture, Care, and 
Application. By M. Arendt, E.E. ..... 
Switchgear Design, Elements of. By Dr. Ing. Fritz Kessel- 
ring. Translated by S. R. Mellonie, A.M.I.E.E., and J. S. 
Solomon, B.Sc., A.M.I.E.E 

Switchgear, Outdoor High Voltage. By R. W. Todd, 
A.M.I.E.E., Assoc.A.I.E.E., and W. H. Thompson, A.M.I.E.E 
Train-lighting, Electric. By C. Coppock 
Transformers for Single and Multiphase Currents. By 
Dr. Gisbert Kapp, M.Inst.C.E., M.I.E.E. Third Edition, 

Revised by R. O. Kapp, B.Sc. 

Worked Examples for Wireman and Students. By H. 
Rees, Grad.I.E.E 
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TELECOMMUNICATIONS 

Automatic Branch Exchanges, Private. By R. T. A. 
Dennison ......... 

Automatic Telephony, Relays in. By R. W. Palmer, 

A.M.I.E.E 

Cable and Wireless Communications of the World, The. 
By F. J. Brown, C.B., C.B.E., M.A., B.Sc. (Lond.). Second 
Edition ......... 

♦Definitions and Formulae for Students — Radio En- 
gineering. By A. T. Starr, M.A., Ph.D. 

♦Definitions and Formulae for Students — Telegraphy 
and Telephony. By Dr. E. Mallett, M.I.E.E. 

Radio Communication, Modern. By J. Reyner. In two 
volumes. — 

Vol. I. Sixth Edition ...... 

Vol. II. Second Edition ...... 

Radio Engineering, Problems in. By E. T. A. Rapson, 
A.C.G.I., D.I.C., A.M.I.E.E. Second Edition . 

Radio Receiver Servicing and Maintenance. By E. J. G. 
Lewis .......... 

Radio Upkeep and Repairs for Amateurs. By Alfred Witts, 
A.M.I.E.E. Second Edition ...... 

Submarine Telegraphy. By Ing. Italo de Giuli. Translated 

by J. J. McKichan, O.B.E., A.M.I.E.E 

Superheterodyne Receiver, The. By Alfred T. Witts, 
A.M.I.E.E. Second Edition ...... 

Telegraphy. By T. E. Herbert, M.I.E.E. Fifth Edition 
Telephone Handbook and Guide to the Telephonic 
Exchange, Practical. By Joseph Poole, A.M.I.E.E. 
(Wh.Sc.). Seventh Edition ...... 

Telephone Transmission Theory, Outline Notes in. By 
W. T. Palmer, B.Sc., Wh.Ex., A.M.I.E.E. 

Telephony. By T. E. Herbert, M.I.E.E., and W. S. Procter, 
A.M.I.E.E. In two volumes. Second Edition. 

Vol. I. Manual Switching Systems and Line Plant . 
Vol. II. Automatic Telephones.' {In the Press) 
Telephony, The Call Indicator System in Automatic. By 
A. G. Freestone, of the G.P.O., London .... 

Television, Popular. By H. J. Barton Chappie . 

Television, Technical Terms and Definitions. By 
E. J. G. Lewis ........ 

Television : To-day and To-morrow. By Sydney A. Moseley 
and H. J. Barton Chappie, Wh.Sc., B.Sc. Fourth Edition . 
Thermionic Valves in Modern Radio Receivers. By 

Alfred T. W r itts, A.M.I.E.E 

Wireless, A First Course in. By “Decibel.” 

Wireless Manual, The. By Capt. J. Frost, I. A. (Retired). 

Revised by H. V. Gibbons. Third Edition 
Wireless Terms Explained. By “ Decibel.” , * , 
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MATHEMATICS AND CALCULATIONS 
FOR ENGINEERS 

s. d. 

Alternating Currents, Arithmetic of. By E. H. Crapper, 

D.Sc., M.I.E.E 4 6 

Calculus for Engineers and Students of Science. By John 

Stoney, B.Sc., A.M.I.Min.E., M.R.San.I. Second Edition . 6 0 

♦Definitions and Formulae for Students — Practical 

Mathematics. By L. Toft, M.Sc. Second Edition . . - 6 

Electrical Engineering, Whittaker’s Arithmetic of. 

Fourth Edition, Revised by A T. Starr, M.A., B.Sc., 

A. M.I.R.E 3 6 

Exponential and Hyperbolic Functions. By A. H. Bell, 

B. Sc 3 6 

♦Geometry, Building. By Richard GreenhalgL, A.I.Struct.E. 4 6 

Geometry, Contour. By A. H. Jameson, M.Sc., M.Inst.C.E. 7 6 

Geometry, Exercises in Building. By Wilfred Chew . 1 6 

♦Geometry, Test Papers in. By W. E. Paterson, M.A., B.Sc. 2 0 

Points Essential to Answers, Is. In one book . . .30 

Graphic Statics, Elementary. By J. T. Wight, A.M.I.Mech.E. 5 0 

Graphs of Standard Mathematical Functions. By H. V. 

Lowry, M.A. . . . . . . . .20 

Logarithms for Beginners. By C. N. Pickworth, Wh.Sc. 

Eighth Edition . . . . . . . .16 

Logarithms, Five Figure, and Trigonometrical Functions. 

By W. E. Dommett, A.M.I.A.E., and H. C. Hird, A.F.Ae.S. 
(Reprinted from Mathematical Tables) . . . .10 

♦Logarithms Simplified. By Ernest Card, B.Sc., and A. C. 

Parkinson, A.C.P. Second Edition . . . . .20 

♦Mathematics and Drawing, Practical. By Dalton Grange. 2 0 

♦With Answers . . . . . . . .26 

Mathematics, Building, First Year. By R. C. Smith, 

M.R.S.T 3 6 

Mathematics, Elementary Practical. Book I. First Year. 

By E. W. Golding, M.Sc., Tech., A.M.I.E.E., and H. G. 

Green, M.A. .........50 

Mathematics, Elementary Practical. Book II. Second 

Year. By E. W. Golding and H. G. Green . . .50 

Mathematics, Elementary Practical. Book III. Third 

Year. By E. W. Golding and H. G. Green . . .50 

Mathematics, Engineering, Application of. By W. G. 

Bickley, M.Sc 5 0 

Mathematics, Experimental. By G. R. Vine, B.Sc. — 

♦Book I, with Answers 14 

♦Book II, with Answers 14 
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Mathematics for Engineers — contd. 

5 . d. 

Mathematics for Engineers, Preliminary. By W. S. 

Ibbetson, B.Sc., A.M.I.E.E., M.I.Mar.E. . . . .36 

Mathematics for Technical Students. By G. E. Hall, B.Sc. 5 0 
Mathematics, Practical. By Louis Toft, M.Sc. (Tech.), and 

A. D. D. McKay, M.A 12 6 

♦Mathematics, Industrial (Preliminary). By G. W. String- 

fellow ..........20 

♦With Answers . . . . . . . .26 

Mechanical Tables. By J. Foden 2 0 

Metalworker's Practical Calculator, The. ByJ.Matheson 2 0 

♦Metric Lengths to Feet and Inches, Table for the Con- 
version of. Compiled by Redvers Elder . . .10 

♦Mining Mathematics (Preliminary). By George W. String- 

fellow .......... 1 6 

♦With Answers . . . . . . . .20 

Nomogram, The. By A. J. Allcock, B.Sc., A.M.I.E.E., 

A.M.I.Mech.E., and J. R. Jones, M.A., F.G.S. . . . 10 6 

Reinforced Concrete Members, Simplified Methods of 
Calculating. By W. N. Twelvetrees, M.I.M.E. Second 
Edition, Revised and Enlarged . . . . .50 

Slide Rule, The. By C. N. Pickworth, Wh.Sc. Seventeenth 

Edition, Revised . . . . . . . .36 

Slide Rule: Its Operations; and Digit Rules, The. By' 

A. Lovat Higgins, A.M.Inst.C.E. . . . . . - 6 

Steel's Tables. Compiled by Joseph Steel . . . .36 

Telegraphy and Telephony, Arithmetic of. By T. E. 

Herbert, M.I.E.E., and R. G. de Wardt . . . .50 

Trigonometry for Engineers, A Primer of. By W. G. 

Dunkley, B.Sc. (Hons.) . . . . . . .50 

Ventilation, Pumping, and Haulage, Mathematics of. By 

F. Birks ......... 5 0 

♦Workshop Arithmetic, First Steps in. By H. P. Green . 1 0 

miscellaneous technical books 

Boot and Shoe Manufacture. By Frank Plucknett . . 35 0 

Bowls: How to Improve Your Game. By H. P. Webber 

and J. W. Fisher 16 

Bowls, The Modern Technique of. By H. P. Webber and 

Dr. J. W. Fisher 7 6 

Brewing and Malting. By J. Ross Mackenzie, F.C.S., 

F.R.M.S. Third Edition . . . . . . 10 6 
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Miscellaneous Technical Books— contd. 

Builder’s Business Management. By J. H. Bennetts, 

A.I.O.B ' . 

Cellulose Lacquers. By S. Smith, O.B.E., Ph.D. 

Cost Accounts in Rubber and Plastic Trades. By T. W. 
Fazakerley ......... 

Electrical Housecraft. By R. W. Kennedy 
Engineering Economics. By T. H. Burnham, B.Sc. Hons. 
(Lond.), B.Con (Lond.), F.I.l A., A.M.IMech.F,., 
M.I.Mar.E. In two volumes — 

Book I. Elements of Industrial Organization and Manage- 
ment. ....... 

Book II. Works Organization and Management 
Engineering Inquiries, Data tor. By J. C. Connan, B.Sc., 

A.M.I.E.E., O.B.E 

Faraday, Michael, and Some of His Contemporaries. By 
William Cramp, D.Sc., M.I.E.E. ..... 

Glue and Gelatine. By P. I. Smith .... 

Hairdressing, The Art and Craft of. Edited by G. A. Foan. 

Second Edition edited by j. Bari-Woollss 
Hiker and Camper, The Complete. By C. F. Carr 
House Decorating, Practical. By Millicent Vince 
Motor Boating. By F. H. Snoxell ..... 

Paper Testing and Chemistry for Printers. By G. A. 
Jahans, B.A. ........ 

Petroleum. By Albert Lidgett. Third Edition 
Plan Drawing for the Police. By James D. Cope, P.A.S.I. 
Precious and Semi-precious Stones. By M. Weinstein. 
Second Edition ........ 

Printing. By H. A. Maddox. Second Edition 
Printing, The Art and Practice of. Edited by Wm. 
Atkins. In six volumes ...... Each 

Refractories for Furnaces, Crucibles, etc. By A. B. 
Searle .......... 

Refrigeration, Mechanical. By Hal Williams, M.I.Mech.E., 
M.I.E.E., M.I.Struct.E. Fourth Edition .... 

Science, The March of. A First Quinquennial Review, 
1931-1935. By Various Authors. Issued under the authority 
of the Council of the British Association for the Advance- 
ment of Science ........ 

Shoe Repairer’s Handbooks. By D. Laurence-Lord. In 
seven volumes ....... Each 

Teaching Methods for Technical Teachers. By J. H. 

Currie, M.A., B.Sc., A.M.I.Mech.E. . 

With the Watchmaker at the Bench. By Donald de Carle, 
F.B.H.I. Second Edition 
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PITMAN’S TECHNICAL PRIMERS 

s. d. 

Each in foolscap 8vo, cloth, about 120 pp., illustrated . .26 

The Technical Primer Series is intended to enable the 
reader to obtain an introduction to whatever technical 
subject he desires. 

Abrasive Materials. By A. B. Searle. 

A.C. Protective Systems and Gears. By J. Henderson, B.Sc., 

M.C., and C. W. Marshall, B.Sc., M.I.E.E. Second Edition. 

Belts for Power Transmission. By W. G. Dunkley, B.Sc. 

Central Stations, Modern. By C. W. Marshall, B.Sc,, 
M.I.E.E. Second Edition. 

Continuous Current Armature Winding. By F. M. Denton, 
A.C.G.I., A.Amer.I.E.E. 

Continuous Current Machines, The Testing of. By Charles 
F. Smith, D.Sc., M.I.E.E., A.M.I.C.E. 

Diesel Engine, The. By A. Orton, A.M.I.Mech.E. 

Drop Forging and Drop Stamping. By H. Hayes. 

Electric Cables. By F. W. Main, A.M.I.E.E. Second Edition. 

Electric Furnace, The. By Frank J. Moffett, B.A., M.I.E.E. 

Electrical Transmission of Energy. By W. M. Thornton, 

O.B.E., D.Sc., M.I.E.E. 

Electricity in Agriculture. By A. H. Allen, M.I.E.E. 

Electricity in Steel Works. By Wm. McFarlane, B.Sc. • 

Electrification of Railways. By H. F. Trewman, M.A. 

Elect, ro-Deposition of Copper, The. By C. W. Denny. 

Foundrywork. By Ben Shaw and James Edgar. 

Grinding Machines and Their Uses. By Thos. R. Shaw. 

Industrial and Power Alcohol. By R. C. Farmer, O.B.E., 

D.Sc., Ph.D., F.I.C. 

Industrial Nitrogen. By P. H. S. Kempton, B.Sc. (Hons.). 

Kinematograph Studio Technique. By L. C. Macbean. 

Lubricants and Lubrication. By J. H. Hyde. 

Mechanical Handling of Goods, The. By C. H. Woodfield. 

Mechanical Stoking. By D. Brownlie, B.Sc., A.M.I.M.E. 

(Double volume, price 5s. net.) 

Metallurgy of Iron and Steel. Based on Notes by Sir 
Robert Hadffeld. 

Patternmaking. By Ben Shaw and James Edgar. 

Photographic Technique. By L. J, Hibbert, F.R.P.S. 

Second Edition. 

Pneumatic Conveying. By E. G. Phillips, M.I.E.E. 



COMMON COMMODITIES SERIES 


23 


Common Commodities Series — contd. 

s. d . 

Textile Bleaching. By Alex. B. Steven, B.Sc. (Lond.), F.I.C. 3 0 
Timber. From the Forest to Its Use in Commerce. By W. 

Bullock. Third Edition. 

Tin and The Tin Industry. By A. H. Mundey. Second 
Edition. 

Tobacco. From Grower to Smoker. By A. E. Tanner. Fourth 
Revised Edition by E. R. Fairweather. 

Weaving. By W. P Crankshaw. Second Edition. 

Wool. From the Raw Material t * the Finished Product. Bv 
S. Kershaw, F.T.L Third Edition. 

Worsted Industry, The. By j. Dumville and S. Kershaw. 

"Ihird Edition. 


RAW MATERIALS OF COMMERCE 

Edited by J. H. Vanstone, F.R.G.S. Assisted by 
Specialist Contributors. 

In two volumes, demy 4to, cloth gilt, 804 pp., with 
numerous illustrations. Complete, 20s. net. 

A descriptive account of the vegetable, animal, 
mineral, and synthetic products of the world and of 
their commercial uses. 


The following Catalogues will be sent post free on application 

Scientific and Technical, Educational, Commercial, Law, Shorthand, 
Foreign Languages, Arts and Crafts, and General, etc. 


PITMAN’S SHORTHAND 

INVALUABLE TO ALL BUSINESS AND PROFESSIONAL HEN 



DEFINITIONS AND FORMULAE 
FOR STUDENTS 

Aeronautics. By J. D. Frier, A.R.C.Sc., D.I.C. 

Applied Mechanics. By E. H. Lewitt, B.Sc., A.M.I.Mech.E. 
Automobile Engineering. By H. Kerr Thomas. 

Building. By T. Corkhill, F.B.I.C.C., M.I.Str.E. 

Chemistry and Pharmacy. By W. G. Carey, F.I.C. | 

Coal Mining. By M. D. Williams, F.G.S. 

Electrical. By Philip Kemp, M.Sc., M.I.E.E., Assoc.A.I.E.E. ? 
Electrical installation Work. By F. Peake Sexton, A. R.C.S., 
A.M.I.E.E. , 

Heat Engines. By Arnold Rimmer, B.Eng. 

Light and Sound. By P. K. Bowes, M.A., B.Sc. 

Marine Engineering. By E. Wood, B.Sc. 

Metallurgy. By E. R. Taylor, A.R.S.M., F.I.C., D.I.C. 

Practical Mathematics. By Louis Toft, M.Sc. 

Radio Engineering. By A. T. Starr, M.A., Ph.D. 

Telegraphy and Telephony. By E. Mallett, D.Sc., M.I.E.E. 

♦Each about 32 pp. Price 6d. I 
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IN SEVEN LANGUAGES I 

ENGLISH, FRENCH, SPANISH, ITALIAN, 
PORTUGUESE, RUSSIAN, AND GERMAN 1 

With an Inde^. to Each Language 

Edited by | 

ERNEST SLATER, M.I.E.E., M.I.MechJE. * 

In Collaboration with Leading Authorities •€ 
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Sir Isaac Pitman & Sons, Ltd., Parker Street, .Kingsway, W.C.2 , 

' 


MADS IN GREAT BRITAIN AT THE PITMAN PRESS, RATS 

(D.3284) 







